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Th.3. Engineering Mathematics — Il
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Examination: 3 Hours TOTAL MARKS: 100 Marks
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Principles and application in Engineering are firmly ground on abstract mathematical structures.
Students passing from secondary level need familiarization with such structure with a view to
develop their knowledge, skill and perceptions about the applied science. Calculus is the most
important mathematical tool in forming engineering application into mathematical models. Wide
application of calculus makes it imperative to develop methods of solving differential equations.
The knowledge of limit, derivative and derivative needs to be exhaustively practiced. To help a
systematic growth of skill in solving equation by calculus method will be the endeavor of this
course content. Understanding the concept of co-ordinate system in 3D in case of lines, planes
and sphere and it's use to solve Engineering problems. After completion of the course the
student will be equipped with basic knowledge to form equations and solve them competently.

SL NO | TOPICS PERIODS MARKS
1 Vector Algebra 15 12
2 Limits and Continuity 12 12
3 Derivatives 21 20
4 Integration 15 24
5 Differential Equation 12 12
TOTAL 75 80
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subtraction of vectors f) Position vector g) Scalar product of two vectors h) Geometrical
meaning of dot producti) Angle between two vectorsj) Scalar and vector projection of two
vectorsk) Vector product and geometrical meaning (Area of triangle and parallelogram)

2) LIMITS AND CONTINUITY
a) Definition of function, based on set theory b) Types of functions i) Constant function
i) Identity function iii) Absolute value function iv)The Greatest integer function
v) Trigonometric function vi) Exponential function
vii) Logarithmic function c) Introduction of limit d) Existence of limit e) Methods of evaluation

of limit (1) limq "x‘_‘; = na-1  where a>0 and n€R




. a*—1 e*—1 1
(2)limy .0 — = |ogea In particular lim,o — = 1 (3)limyo(1 + X)x =e

i LAk : ¥ ~ Jog e In particular li loge(1+x) _ =
(4) lim, (1 + Jr=e (5) lim,_,g —= 108 ¢ P m,_,———=log.e =1
(6)lim,_gcosx =1 (7)limy,g sinx =0 (8)lim,_q Si%= 1 (9)1lim tazx =1

f) Definition of continuity of a function at a point and problems based on it

3) DERIVATIVES

a) Derivative of a function at a point b) Algebra of derivative c) Derivative of standard functions
d) Derivative of composite function (Chain Rule ) e) Methods of differentiation of i) Parametric
function i) Implicit function iii) Logarithmic function iv) a function with respect to another function
f) Applications of Derivative i) Successive Differentiation (up to second order) ii) Partial
Differentiation (function of two variables up to second order) g) Problems based on above

4) INTEGRATION

a)Definition of integration as inverse of differentiation
b)Integrals of some standard function

c)Methods of Integration

i) Substitution

Integration of forms | ] x;fr—’;z etc using substitution method

i) Integration By parts

d)Integration of forms [ Va2 — x2dx, [ Va? + x2dx using by parts
e) Definition of Definite Integral

Fundamental theorem of Integral Calculus

Properties of Definite Integral

f)Application of Integration

i) Area enclosed by a curve and X- axis.

i) Area of a circle with centre at origin.

5) DIFFERENTIAL EQUATION

Order and degree of a differential equation

Solution of Differential equation 1% order and 1* degree

i) variable separable method

i) Linear equation %+ Py = Q, where P,Q are functions of x.

Syllabus to be covered up to IA Ch. 2 and Ch. 3
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Book preparation & Production)
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VECTORS
INTRODUCTION:-

In our real life situation we deal with physical quantities such as distance, speed,
temperature, volume etc. These quantities are sufficient to describe change of position, rate of change of
position, body temperature or temperature of a certain place and space occupied in a confined portion
respectively.

We have also come across physical quantities such as displacement, velocity, acceleration, momentum
etc, which are of different type in comparison to above.
Consider the figure-1, where A, B, C are at a

distance 4k.m. from P. If we start from P, then = ~
covering 4k.m. distance is not sufficient to describe
the destination where we reach after the travel, So - 4 km -
here the end point plays an important role giving
rise the need of direction. So we need to study Jm
about direction of a quantity, along with magnitude. e

Fig - 1

OBJECTIVE
After completion of the topic you are able to :-
i) Define and distinguish between scalars and vectors.
i) Represent a vector as directed line segment.
i) Classify vectors in to different types.
iv) Resolve vector along two or three mutually perpendicular axes.
v) Define dot product of two vectors and explain its geometrical meaning.
vi) Define cross product of two vectors and apply it to find area of triangle and parallelogram.
Expected background knowledge
i) Knowledge of plane and co-ordinate geometry
i) Trigonometry.
Scalars and vectors

All the physical quantities can be divided into two types.
i) Scalar quantity or Scalar.
i) Vector quantity or Vector.
Scalar quantity: - The physical quantities which requires only magnitude for its complete specification is
called as scalar quantities.
Examples: - Speed, mass, distance, velocity, volume etc.

Vector: - A directed line segment is called as vector.




Vector quantities:- A physical quantity which requires both magnitude & direction for its complete
specification and satisfies the law of vector addition is called as vector quantities.
Examples: - Displacement, force, acceleration, velocity, momentum etc.

Representation of vector:- A vector is a directed

line segment ABwhere A is the initial point and B is A > B

the terminal point and direction is from A to B. (see _

fig-2). e

Similarly B2 is a directed line which represents a vector -

having initial point B and terminal point A. r NG &
Fig- 3

Notation: - A vector quantity is always represented by an arrow (—) mark over it or by bar (=) over it. For

example 4B . It is also represented by a single small letter with an arrow or bar mark over it. For example
“a.

Magnitude of a vector: - Magnitude or modulus of a vector is the length of the vector. It is a scalar
quantity.

Magnitude of AB = | 4B | = Length AB. = AB

Types of Vector: - Vectors are of following types.

1) Null vector or zero vector or void vector: - A vector having zero magnitude and arbitrary
direction is called as a null vector and is denoted by 0 .
Clearly, a null vector has no definite direction. If “a = 4B, then “a is a null (or zero) vector iff | & | = 0 i.e. if
| 4B | =0
For a null vector initial and terminal points are same.
2) Proper vector: - Any non zero vector is called as a proper vector. If | a | # 0then & is a proper vector.
3) Unit vector : - A vector whose magnitude is unity is called a unit vector. Unit vectors are denoted by a

,4:1

Note: - The unit vector along the direction of a vector “& is given by

small letter with * over it. For example “a

)
A

(02

@ |




4) Co-initial vectors:- Vectors having the same A B
initial point are called co-initial vector.

SIIP P P

In figure-4, 0A,0B,0€,0D and OF are Co-initial o
vectors.

Y
o

Fig -4 E
5) Like and unlike vectors: - Vectors are said to be like if they have same direction and unlike if they
have opposite direction.

6) Co-Linear vectors:- Vectors are said to be

co-linear or parallal if they have the same line of » . > *
action. In f figure-5 AB and BE are collinear. R

7) Parallel vectors: - Vectors are said to be

parallel if they have same line of action or have line >

of action parallel to one another. In fig-6 the vectors >

are parallel to each other. Fig - 6

8) Co-planner Vectors: - Vectors are said to be

co-planner if they lies on the same plane. In fig-7

vector a, b and e are coplanner.

9) Negative of a vector: - A vector having B

same magnitude but opposite in direction to that of

a given vector is called negative of that vector. If "& =
is any vector then negative vector of it is written as ~

-2 and | @ | = | —a | but both have R

direction opposite to each other as shown in fig-8. o e
10) Equal Vectors: - Two vectors are said to be —_
equal if they have same magnitude as well as ;
L =
same direction. e

Thus a = B




10

Remarks:- Two vectors can not be equal
i) If they have different magnitude .
ii) If they have inclined supports.

iii) If they have different sense.

Vector operations
Addition of vectors: -

Triangle law of vector addition: - The law states that If two vectors are represented by the two sides of a
triangle taken in same order their sum or resultant is represented by the 3™ side of the triangle with
direction in reverse order.

As shown in figure-10 e and B are two vectors

1

represented by two sides OA and AB of a triangle

> —>
ABC in same order. Then the sum a + b s e =
represented by the third side OB taken in reverse

order i.e. the vector a is represented by the o =z A
directed segment 04 and the vector b be the Fig - 10

directed segment 4B, so that the terminal point A of
a is the initial point of B. Then OB represents the
sum (or resultant) (a + b). Thus 0B = a + b

Note-1 — The method of drawing a triangle in order to define the vector sum (a + ?j is called triangle law of
addition of the vectors.

Note-2 — Since any side of a triangle is less than the sum of the other two sides

| OB | G| 0 | +| A |

Parallelogram law of vector addition: - If @ and b

are two vectors represented by two adjacent side
of a parallelogram in magnitude and direction, then
their sum (resultant) is represented in magnitude
and direction by the diagonal which is passing

through the common initial point of the two vectors.
As shown in fig-Il if OA isae and AB is b then OB

diagonal represent a + b .

i.e.a+b=0A+AB
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Polygon law of vector addition: - Ifa , b e and d
are the four sides of a polygon in same order then
their sum is represented by the last side of the
polygon taken in opposite order as shown in

figure-12.
Subtraction of two vectors

If @« and B are two given vectors then the subtraction of b from a denoted by & - 5 is defined as addition of
-b with a. i.e. a- b =a+ (-b).
Properties of vector addition:- i) Vector addition is commutative i.e. if a & b are any two vectors then:-
‘a+b=b+a
ii)Vector addition is associative i.e. if a, B, e are any three vectors,
then (a+B)+e= a+(B+e)
iii) Existence of additive identity i.e. for any vector &, 0 is the additive
identity i.e. 0+a=a+ 0= a where 8is a null vector.
iv) Existence of additive Inverse :- If a is any non zero vector then -a is
the additive inverse of &, so that @ + (—a) = (-a) + a = 0
Multiplication of a vector by a scalar : -
If @ is @ vector and k is a nonzero scalar then the multiplication of the vector a by the scalar k is a vector
denoted by ka or ak whose magnitude | k | times that of a.
ieka =| k| x| a |
=k X | a | if k= 0.
=(-k)x| a | ifk<0.
The direction of ka is same as that of a if k is positive and opposite as that of a if k is negative.
ka and a are always parallel to each other.
Properties of scalar multiplication of vectors :-
If h and k are scalars and & and b are given vectors then
i) k (a + b) = ka + kb
i) (h+k)a = ha + ka, (Distributive law)
i) (hk)a = h(ka), (Associative law)
iv) l.a= a

v)0.a=0
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Position Vector of a point
Let O be a fixed point called origin, let P be any other point, then the vector OP is called position vector of

the point P relative to O and is denoted by p-.

As shown in figure-13, let AB be any vector , then o~
applying triangle law of addition we have /}1
OA +AB =0B where 04=aand OB =b I — ..
->AB="0B-04 =b-"a Fig - 12D

= (Position vector of B)—( Position vector of A)

Section Formula:- Let A and B be two points with
position vector & and B respectively and P be a
point on line segment AB , dividing it in the ration
m:n. internally. Then the position vector of P i.e.» is

. 5 Sni
given by the formula: # = ma "2
m+n

If P divides AB externally in the ratio m:nthen % =

mb—na

m-—n
If P is the midpoint of ABthen # = Z”Tb

Example-1 :- Prove that by vector method the

medians of a triangle are concurrent. 4 (@
Solution:- Let ABC be a triangle where a, b and 6
are the position vector of A,B and C respectively. £ E
We have to show that the medians of this triangle
are concurrent. |
B (®) = c@®
Fig - 15

Let AD, BE and CF are the three medians of the triangle.

Now as D be the midpoint of BC, so position vector of D i.e. d =" °
2

Let G be any point of the median AD which divides AD in the ratio 2:1 . Then position vector of G is given

Z(tj)ﬂa
2d+a _ 2

2+1

by g= (by applying section formula)

_ a+b+e
B 3
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Let G’ be a point which divides BE in the ratio 2:1,

Position vector of E is e =é@te
2

- 2(—)+1B
Then position vector of G’ is given by g'= 2:i1b'=zT (by applying section formula)
. G+b+e
=> g = 3

As position vector of a point is unique,so G=G’.

Similarly if we take G” be a point on CF dividing it in 2:1 ratio then the position vector of G” will be same as
that of G.

Hence G is the one point where three median meet.

. .The three medians of a triangle are concurrent. (proved)
Example2: - Prove that i) la + bI< lal + IBl (It is known as Triangle Inequality).
i) lal - [5l< la — BI
iii)la — BI< lal + IBI
Proof:- Let O,A and B be three points, which are not

collinear and then draw a triangle OAB. -,

ol

Let OA=a ,AB=5h , then by triangle law of

A 4

addition we have 0B = a+ b o = A
From properties of triangle we know that the sum of
any two sides of a triangle is greater than the third
side.

= OB < OA + AB

= [GBI<I5Al + [ABI
SU PR 24 % () ) Q—— (1)

When O,A, B are collinear then
From figure-17 it is clear that
OB = OA + AB

A 4
-
A 4

= 10BI =I0Al + [ABI
= la+bl= lal + IBl ---------------- (2) Fig-17
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From (1) and (2) we have,

la + Bl< lal + 161 ( proved)
i) lel = la—B+ Bl ---------- (1)

But I(a — #)+5 [ <la — BI+ IBI (From triangle inequality) ------- (2)
From (1) and (2) we get Ial < la — BI+ Bl

= lal - IB] < la — Bl(proved)
i) la—Bl = la+ ()] <lal + I-BI (From triangle inequality)

=lal + 16l (as -5l = I3])
la — bl< Ial + I5I (proved)

Components of vector in 2D
Let XOY be the co-ordinate plane and P(x,y) be any point in this plane.

The unit vector along direction of X axis i.e. 0X is denoted by i.

The unit vector along direction of Y axis i.e. OY is denoted by j.

Then from figure-18 it is clear that OM = x1 and

Y A
ON =vyj.
So, the position vector of P is given by
N P
_’.Om.)P =p = x1 + y} S
r
And OP =I0PI =r = Vx2 + y2 © M P

Fig-18
Representation of vector in component form in 2D
If ABis any vector having end points A( x;,y;) and B (x,, y,) , then it can be represented by

AB=(xz—x1 N +(y2—y1)j
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Components of vector in 3D
Let P(x,y,z) be a point in space and1 ,’jand’k be
the unit vectors along X axis , Y axis and Z axis
respectively. (as shown in fig-19 )
Then the position vector of P is given by
0P =x1 +yJ +% The vectors xi, yj, zk are
called the components of OP along x—axis, y-axis
and z-axis respectively.

And OP =[0Fl = Vx2 + y2 + z2

Addition and scalar multiplication in terms of component form of vectors: -
For any vector a = a;i + azj+ askand b = b1 + byj+ b3k

i)a+B= (a1 + by)i + (az+ bojj* (a3 + bs)k
ia-b= (a;— b))l + (az — by)j+ (a3 — b3 )k
i)k a=ka;i +kayj+ kaskwhere K is a scalar.
iV)a =B & a;i +ayj+ ask=bii +byj+ bsk

< a;=by, a,=b,, az=bs

Representation of vector in component form in 3-D & Distance between two points:

Z.
Tk
==
= P: (Ia Y, :\
kl\
J S
(@) Cl Y
i =
<Q
-\'
Fig-19

If AB is any vector having end points A( x;, y1,z1) and B (x,,y, z;) , then it can be represented by

AB = Position vector of B — Position vector of A

=(x28 +y2jt zoh- (cad + yijt ziR

= (x2=x1)7 +(y2—y1)] +(zz2—7z1)k

IZBl=V(x,—x1)2+ (y,—y,)?+ (z2—21)?

Example 3:-

Show that the points A(2,6,3) , B(1,2,7) and c¢(3,10,-1) are collinear.

Solution:- From given data Position vector of A, 04 =21 + 6] + 3k

Position vector of B, 0B =1 +2j + 7k

Position vector of C, 0€ =31 + 10j-k

Now AB=0B-04A=(1-2)1 +(2-6)] + (7—3) k= -i-4] + 4k
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A€ =06-0A=3B-2)i + (10-6)j+ (-1 -3)k=1+ 4] 4k
= -(--4f + 4k = - AB
= ABNAE or collinear.
'. They have same support and common point A.
As ‘A’ is common to both vector , that proves A,B and C are collinear.
Example-4: - Prove that the points having position vector given by 2 1 -j +k i-3f -5kand
31 - 4f - 4korm a right angled triangle. [2009(w)]
SOlution :- Let A,B and C be the vertices of a triangle with position vectors 2 1-j +k1-3f -5kand
31 - 4f - 4krespectively
Then. "AB = Position vector of B — Position vector of A.
=(1=2)1 +(-3=(-1))j+ (=5—- 1) k= -i-2j-6k
"BE = Position vector of C — Position vector of B.
=B-1D1 +(-4-(3))j+ (=4—(=5) k= 2i-j+k
“A€ = Position vector of C — Position vector of A.
=3-2)1 +(-4-(-1))] + (-4 - 1)’k= i-3j- Bk
Now AB = [Z4Bl =V(—1)2+ (—2)2+ (-6)2 =VI+4+36= Vil

BC= [Bel=v2z+(-1)2+12 =VAd+1+1= 6

AC = T46l = V12 + (—=3)2 + (-5)2 =VI+9+25= V35
From above BC2 + ACz = 6+35 = 41 = AB2.
Hence ABC is a right angled triangle.
Example-5 :- Find the unit vector in the direction of the vector a = 3i -4f +k (2017-W)
Ans:- The unit vector in the direction of a is given by
N é _ 3i—-49+k  _3i-4)+k_ 3 3 3 ] +1 7

a= = -4
Ial V324 (—4)2412 Vot16+1 V26 26 26

Example-6 :- Find a unit vector in the direction of & +5 where a = i + j-"kand b=-= i-7+3k

Ans:- Letr =a +br= (1 +j- B+ @@ -j+3p =21+ 2k
Unit vector along direction of @ +5 is given by = ~_ _Zi+Zk_ 2i+Zk_ 2 2, 2~
4 V2432 V8 :}d- :%
2 2a 14
=" k+ it !
242 2V2 V2

ﬂ‘r‘ ’
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Angle between the vectors:-
As shown in figure-20 angle between two vectors

RS and P can be determined as follows.
Let OBbe a vector parallel to RS and 04 is a

vector parallel to PO such that OB and 04
intersect each other.

Then 6 = L AOB = angle between RS’ and P0.

If 8 = 0 then vectors are said to be parallel.

If 6 =ET[ then vectors are said to be orthogonal or

perpendicular.
Dot Product or Scalar product of vectors

The scalar product of two vectors a and B whose magnitudes are, a and b respectively denoted
by a.b is defined as the scalar abcosd , where 6 is the angle between a and b suchthat0 < 6 <.

a.b =lal Il cosd = a b coso

Geometrical meaning of dot product

In figure21(a), @ and b are two vectors having
6 angle between them. Let M be the foot of the
perpendicular drawn from B to OA.

Then OM is the Projection of b on a and from
figure-21(a) itis clear that,

IOMI = IOBI cos# = 1Bl cosé.

Now a.b = lal (IBI cosh) = lal x projection of bona

which gives projection of B on a = @b
1al

Similarly we can write a.b = lal 15l cos®

=151 (lal cos®) = 1Bl projection of & on b.
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Similarly, let us draw a perpendicular from A on OB
and let N be the foot of the perpendicular
in fig-21(b).

Then ON = Projection of & on b

and ON = OAcosé =lal cosé.

Fig-21(b)

Properties of Dot product
) ab= ba (commutative)
i) a.(b+e)=ab+ae (Distributive)
i) If @115,then a.b=ab  {as® =0in this case cos0 =1}
In particular (a)2 =a.a =1al?
7.7= ). ) ="kke 1
iv)If a1 B,thena.B=0. {as6 =90 in this case cos90°=0 }
Inparticular 7. J = J.le k7=0=)7=H =7k
V)a.0= 0.a =0
vi)(@+B). (@a—b) = lal?- IB12= a2z - b2 {(Wherelal=a andIbl=b)
viii) Work done by a Force:- The work done by a force F acting on a body causing displacement a is
givenby W =F.d
Dot product in terms of rectangular components
For any vectors a = a;i + ayj+ askand B = byi + b,j+ bskwe have,
a.B = ayby + azb, + azbs ( by applying distributive( ii) , (iii) and (iv) successively)
Anale between two non zero vectors

For any two non zero vectors a = a;i + azj+ askand B = bii + b,j+ bsk having 6 is the angle between
them we have,

_ab _ . by + azbs + azh

cos 6 =_ =qyir o A s (Interms of components.)
Va2t+a2+a—2Vb “+b “+b

1 2 3 1 2 3

'3
8] &

_ ai1b1 + azbz + azb
R

\/a12+a22+a32\/b12+b22+b32
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Condition of Perpendicularity: -
Two vectors @ = a;1 + ayj+ azkand b= bii + byj+ bskare perpendicular to each other
¢-’>a1b1 + a2b2 + a3b3 =0

Condition of Parallelism :-

Two vectorsa=ai + J+a kandb=b1 +bj+ b kare parallel to each other &al  _ a = @)
1 2 1 2 3 b1 b2 b3

w

Scalar & vector projections of two vectors (Important formulae

. L
Scalar Projection of b on a= @b
Ia

=1

Vector Projection of bona= —=

Scalar Projection of @ on b=

N R -0A 5 2
Vector Projection of @ on b= &5 f= ?-5
1612 112

Examples: -
Q.- 7. Find the value of p for which the vectors 31 + 2j +9% 1 + p j+ 3kare perpendicular to each other.
Solution:- Let @ = 31+ 2j +9kand b =1 + p j+ 3k
Herea; =3,a,=2,a3=9
bi=1,b,=p&bs;=3
Given a-l b =>ai1b; + ayb, + azbz =0
=>3.142.p+9.3=0
=>3+2p+27 =0
=>2p=-30
=>p=-15 (Ans)
Q-8 Find the value of p for which the vectors @ = 31+ 2j +9% B=1+ p j+ 3kare parallel to each other. (
2014-W)

Solution:- Given all ho™ — @ _ao3 _
1

=2 {Taking 1 two terms}
b1 b2 b3 3

2

P

®3="e p =2 (Ans) {Note:- any two expression may be taken for finding p.}
p 3

Q-9 Find the scalar product of 31 -4jand —21 + j. (2015-S)

Solution:- ( 31% 4f) . (—21+ ) = (3x(-2))+((-4)x1) =(-6)+(-4) = -10
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Q-10 Find the angle between the vectors 5i +3f + 4kand 6i-8j-k. (2015-W)
Solution:- Let a= 51 +3j + 4kand b= 6i-8j-k

Let 6 be the angle between a and B.
aib1 + azby + azbs )

Then 0 = cos™(
Vai2+az?+azVbi?+b2%+b3?

= o5 e = Gromn =5 (G
Q-11 Find the scalar and vector projection of & on b where,
a=1 -j-kand b= 31+ j+3k. {2013-W ,2017-W, 2017-S}
Solution:- Scalar Projection of a on b = g= 134 CDIHEDS 5 50 -1
. 151 V3Z+12+32 Vvi9 V19
a.b

Vector Projection of a on b=

P = 1aseniicna (g 143l
1812 (m)z

3-1-3 a - — a
= (it j13k) = %31+ j+3%)
Q-12 Find the scalar and vector projection of b on a where,
a=31+j-Zkand b= 2143j- 4k. { 2015-S}

. N 3 L5 —2).(—4
Solution: - Scalar Projection of bona = &b = 32413+ _ 61348 = 17
1&1 V324+12+(=2)2 Vid V14

Vector Projection of Bon a = &0 2 _ 32+13+(-2.-4) 5 - "
@z T o (31+/-2%

=17 .
E(3l+ - 2k.

Q13Ifa.b=a.e ,thenprovethata=0or b=eor a1 (b-e

) Proof:- Given ab=ae
= (@B)-(ae)=0 =>a.(-e)=0 {applying distributive property}
Dot product of above two vector is zero indicates the following conditions
a=0 orB-e =e or aJ-(E-e)
= a=00r B=eor al (b-e) (proved)
Example:-14 Find the work done by the force F= 1+ j-k acting on a particle if the particle is displace A
from A(3,3,3) to B(4,4,4).
Ans:- Let O be the origin, then
Position vector of A 04 = 31+3j+3k

Position vector of B 0B = 41+4j+ 4k
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Then displacement is given by, @ = 4B = (OB - 04) = (41+4j+ 4§ - ( 31+3j+3h = 14+ %k
So work done by the force W = F.d = F. 4B = (1+j-'§. i+ j+ B
= 1.1+1.14+(-1).1 = 1 units
Example:-15 If ‘sand bare two unit vectors and 6 is the angle between them then prove that

sine = 1ka'h
2 2

Proof: - (fa'8)? = (a'b). (a'b) = (da) - (ab) -(ba) + (bb) { Distributive property}
= (I'd)2 - (ab) - (ab) + (I'H )2 {commutative property}
=12 - 2%abt 12 { as’aand hare unit vectors so their magnitudes are 1}
=2-2%ab=2(1-"ab)
=2(1-1d.T'H cos 6) { as 6 is the angle betweenazand b}
=2(1-1.1. cos6)
=2(1-cosB) =2 .25in2%

Taking square root of both sides we have  Ia'h = 2 sine
2

= sing =1fad  (proved)
2 2

Example:-16 If the sum of two unit vectors is a unit vector. Then show that the magnitude of their
difference is /3.
Proof:“ghand ¢ are three unit vectors such that “a& b= ¢
Squaring both sides we have,
=> (I'a M)z = (1£1)2
=> (I'd)2 + (I'H)2 + 2'ab= 12
=> 12+ 12+ 21'd 'l cos 6 = 1 { where 8 is the angle betweensand b}
=>1+1+2cos6 =1
=>2c0s 6 = -1

=> C0osf = L
2

Now we have to find the magnitude of their difference i.e’a’b
So (I'a’b)2 = (1'd)? + (I'H)2 - 2°ab= 12 + 12 - 2 I'd I'H cos 6
=2-2cos€=2-2(—_;)=2—(-1)=3

~TIdl=+v/3"  (Proved)
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Vector Product or Cross Product
If aand B are two vectors and @ is the angle between them , then the vector product of

these two vectors denoted by & x B is defined as

@ xb=lallBIsinon

where is the unit vector perpendicular to both aand b.
As shown in figure-21 the direction of @ x B is o

always perpendicular to both aandb.

<z

Fig-22

Pr rti fer [
i) Vector product is not commutative a x BGh xa
ii) For any two vectors aand B, a Xb= -( B x a)
i) Forany scalarm, m(a X E) =(ma) XP =a x (mE)
iii) Distributive @ X(B+e)=(a XB)+(a xe)
iv) Vector product of two parallel or collinear vectors is zero.
@ xa=0 and if allB then a xBH=0 {as@=0o0r180:=>sing=0}
Using this property we have,
Tx7= IxJ="kIc0
v) Vector product of orthonormal unit vectors form a right handed system.
As shown in figure- 23 the three mutually
perpendicular unit vectors i, j , 'k form a right
handed system , ie. ixj ="k =-(jx19 ® o
(as 6 =90, thensing =1)
jxk= 1= -(kx ) ~/o ,
Txi=j=-(ixB / -

Fig-23

2 ¢
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Unit vector perpendicular to two vectors:- Unit vector perpendicular to two given vectors aand bis

. n @ xb
givenby = 1

Angle between two vectors
Let 6 be the angle between aand B.Then a x b= (lTall B1sin 0)n

Taking modulus of both sides we have,

la xbBl=1al.1BIsing

. | xb |
= s&nf = ———
lallbl
) a xb
Hence6 = sin-1 {" ~ '}
lallbl

Geometrical Interpretation of vector product or
cross product ° > c
LetO4 =a and OB =b.

%}

- - ?
Thena xb=(Ial.lblsing)n
5 —
=(al).(IBIsin6n o &
From fig-24 below it is clear that & —
M A
BM=OBsing=151sing=1allBMIn =
Fig-24

{ as sin 6 = BM/OB &0B = b}
Now I & xBl =1allBMI 17 = OA.

BM = Area of the parallelogram with side @ and b .
Therefore the magnitude of cross product of two vectors is equal to area  of the parallelogram
formed by these vectors as two adjacent sides.

S

From this it can be concluded that area of A ABC = 142 [AB . A€l

Application of cross product

1. Moment of a force about a point (i ) :-Let O be any point and Let # be the position vector w.r.t. O of
any point ‘P’ on the line of action of the force F , then the moment or torque of the force F about origin ‘O’
is given by

>

M= XF
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2.If aand B represent two adjacent sides of a triangle then the area of the triangle is given by
A =1l a xBl Sq. unit
2

. Ifaand b represent two adjacent sides of a parallelogram then area of the parallelogram is given by

Ia xbl Sq.unit

3
A
4. If aand b represent two diagonals of a parallelogram then area of the parallelogram is given by
A =1l a xBl Sq. unit

2

Vector product in component form : -
If @ = a;i + asj+ askand B = byi + byj+ b3k
a X B=(al +azjtashx (byi + byj+ bsk)
= a;b1 (1% 1) + arbp (1% ) + arbs (1 X B+ azby (J X D+ azba(J X )+ azb3(J x B
+azby (k< 1) + asby (k< j) + azbz(lx'}
{ using properties ixi= jxj=kxk=0 , ixj=k=-(jx1),jxk= 1=-kxj)and
Txi=j=-(ixB }

(azbs - azby) i +( asby - a;hs ) + (a1by - azby )k

~ A

i j ok i ] k
= la; ap az| i.e. & XB=|a; ap a3
b1 bz bg bl b2 b3

Condition of Co-planarity
If three vectors &, band e lies on the same plane then the perpendicular to a and b must be perpendicular

to e.
In particular (@ xB) L e =>(a xb).e=0

In component form if @ = a;f + azj+ askb = bii + byj+ bskand e = ¢1i + czj+ c3k

Then (@ xb).e=0
= (azb3 - azby) c1+( azby - aibs ) co+ (arhy - azby )c3 =0
Ci €2 C3
= |21 a, @3] =0 (interchanging rows two times R; andR; then R, and R3)
b, b, bs
a1 az as

= |b1 by b3=0
c1 €2 C3
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Example:- 17
fa=1+3j-Zkand b = — 1+3kthen find I & x Bl

~ A
~ a ~ a

I j k i j k

Ans:-Wehave @ xB=|a; a, as|=|1 3 -2
by by by -1 0 3
={(3x3)-( 0x (=2))} i - {( 1x3)-( (-1)x (=2))} ] +{( 1x 0)-( (-1)x 3)} 'k
=91-7+3%

la xBl =vo2+ (=1)2+32 =81+ 1+9 = V91 (Ans)
Example:-18 Determine the area of the parallelogram whose adjacent sides are the vectors
a=72and b =3/ (2013-W)
Ans:- Area of the parallelogram with adjacent sides given by & and b is given by
area = la xbl =I2x3jl =16l =6 squnits (Ans)

Example:-19 Find a unit vector perpendicular to both the vectors a =21 +j ‘kand 5 = 31 -} +3k

Ans: - (2015-W and 2017-S)
Unit vector perpendicular to both aand b is given by
a @ Xb
— Ia_)x-b_l .................... (1)

=2i-9j-5k 2)
From (1) and (2) we have,
a”_ 21-99-5k _ 27-99-5k _27-99-5%k
T 127-99-5K  V224(—9)% (52 Jilo

2 A 9 . 5 .
= 1 — -
V110 \/1101 \/110k(ans)
Example:-20 If @ =21 -j+kand b=31 +4f -k, then find the sine of the angle between these vectors. (

2016-w)

|a><b|

Ans ;- We know that sin§ = ———coeieieiinns (1)
lallbI
i 7k
Now @ xb= 12 -1 1|
3 4 -1

=(1-4)i-(-2-3)j+(8+3)k=-31+5]+11%
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Hence |a X B |=V(=3)2+52 + 112 = VO + 25 + 121 = VI55 covvcererrercrrerrrrcr (2)
Again|a|=\/22+(—1)2+12=\/4+1+1=\/6_ .................................... (3)
and |b|=\/32+42+(—1)2=\/9+16+1=\/2_6 ..................................... 4)

From equation (1),(2),(3) and (4) we have,

axbl = V155 _ 4155 (Ans)
lalisl  V6v26 V156

Q-21 Calculate the area of the triangle ABC ( by vector method) where A(1,1,2), B(2,2,3)
and C(3,-1,-1). (2013-W)

Solution: - Let the position vector of the vertices A,B and Cis given by & ,b and e respectively.

sing =

Then a =1+7]+2k
2i +2j + 3k

b
e =31—j—k
Now 4B = Position vector of B — Position vector of A
=21 +27 +3k( +  + 2k
=QR-Di+Q-1)j +B-2)k
=i+ j+k
Similarly 46 = Position vector of C — Position vector of A
=3i—j—k(@ + ] +2B
=@B-Di +(=1-1)] +(-1-2)k

=2i-2j-3k

i 7k
Now AB xAC= 1|1 1 1|
2 -2 -3

A,

=(-3+42)1-(3-2)j+(2-2)k=-1+5]-4%
Hence area of the triangle is given by

A=174B x4Acl =lV=DzF5zrF(=%)7
2 2

= 'Vt+25+16 = V42 sq units. (Ans)
2 2

Example:-22 Find the area of a parallelogram whose diagonals are determined by the vectors

a=31+j—2=and b =i—3j +4k  (2014-W, 2017-W)
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Ans: - Area of the parallelogram with diagonals & and B are given by

1 5
A=—|a X b
2
i 7k
Now @ xb=13 1 =2
1 -3 4

= (4-6)i-(12+2)j+(-9-1)k=-21-147-10%

Nowarea A=l |a X B | = \WWT=rF (=187 F (=10)2
2 2

= "VaFtoe+to0= "% _ 1043 = 5+/3 squnit. (ans)
2 2 2

Example:-23 For any vector @ and B, prove that (e x B)2 = a2b2— (a.B)2 where a and b are
magnitude of & and b respectively.
Proof: - (a xB)2= (Ial.1B1sin@%)2

= (absin )2 = a2b2sin26 (As2=(|1)2=12=1)

= azb%(1 — cos260) = a2b?— a?b2cos26

= a2b2— (abcosB)? =a2b2— (a .B)Z (Proved)

Example:-24 In a AABC , prove by vector method

a c
that b =_°,
sinA sinB sinC

where BC = a, CA = b and AB =c. ( 2017-S)
Proof:- As shown in figure- 25 ABC is a triangle

having, @ = BC3 b = C4 and e = 4B.
From triangle law of vector we know that,

BG:+CA=F4A

> a+b=—e

2> a+B+6=0 ..., (1) Fig-25

( taking cross product of both sides with a we get)
= ax(a+2’)+ e)=ax0
= (axa)+(a><2’))+(a>< e) =0
= b+(axi’))+(ax e) =0
=

(axbB)= —(ax o)
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> (axb)= (ex a) (2)
Similarly taking cross product with B both sides of (1) we have,
> (axB)= (Bx ) -r-rmmmmeee 3)
From (2)and (3), (axB) = (Bx ) = (X @)
> |a xb|=|8 xe|=|c xal
= absin(mr — C) = bc sin(mr — A)= ca sin(nt — B)
As from fig-25 it is clear that angle between a and Bist — C , Band e is © — Aand e and a is = — B.

Dividing above equation by abc we have,

=  absin(r—C) __ bcsin(m—A) __ casin(r—B)
abc abc abc

= sinC _ sinA _ sinB

c a b

a
Hence =2 =< (Proved).

sinA sinB sinC

Example:-25 What inference can you draw when @ x b = 0 and a. b= 0
Ans: -Givena x B =0and a.b=0

= {Eithera=0orb=0orallb}and { a=0orb=0oraL b}

= AsallBanda-L B cannot be hold simultaneously so a= 8 or

>

b= B Hence either a= 0 or b= 0.
Example:-26 If |a| =2and || =5and | & xB | =8, thenfind .5 .
Ans: - Given |a xb| =8

= |a||B|sino=8

= 2X5sinf =8

= sinf = 8= 4
10 5

. €os =VI=sim=V1—(H2=y1-10=2 =3
5 25 25 5

3

Hence w.b= |a||B|coso=2 x5 x >=6 (Ans)
5

Example:-27 Show that the vectors i — 3j + 4k 2i — j 4+ 2k and 4i — 7 j + 10kare co-planar.(2017-S)

Ans: - Now let us find the following determinant ,

1 -3 4
2 -1 2] =1(-10+14)-(-3) (20-8)+ 4(-14+4) =4+ 36-40=0
4 -7 10

Hence the three given vectors are co-planar.
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Exercise
1. Show that the points (3,4) ,(1,7) and (-5,16) are collinear. (2 Marks)
2.fa = 31—5jand b = 2f + 3j, then find the unit vector parallel to a + 25. (2 Marks)
3. Show that the vectors @ = 3v3i—3j, 5 =6jand e = 3+/3i + 3 j form the sides of an
equilateral triangle. (5 Marks)

4. Find the unit vector parallel to the suma = 2i +4j—5kand B =1 + 2 J + 3k (2014-W,2017-W).(2 Marks)

5. Find the scalar and vector projection of @ on Bwherea =1 + jand b = j +k— 21.(2015-W)
(5 Marks)
6. The position vector of A,B and C are 2i + j—k3i —2j+k 1 + 4 j — 3krespectively . Show that A, B

and C are collinear. (2 Marks)

7. Find the value of ‘a’ such that the vectors i — j +k 2i + j+ kand ai— j + alare coplanar.

(2 Marks)
8. Find the value of 'k’ so that the vectors @ =1 +2j —kand B = ki + j + Skare perpendicular
to each other. (2015-W) (2 Marks)
9.Find the unit vector in the direction of 2a + 35 wherea =1 +3j+kand b = 31 —2j -k

(5 Marks)
10. Find the angle between the vectors e = 31 +2j—6kand b = 41— 3] +k (5 Marks)
11. Calculate the area of the triangle ABC by vector method where A(1,2,4), B(3,1,-2) and C(4,3,1).

(5 Marks)
12. Obtain the area of the parallelogram whose adjacent sides are given by vectors i + 2 j + 3k

and-3i—2j+k (5 Marks)

13. Determine the sine of the angle between e =i—3j+kand b =1+ j+k (5 Marks)
14. Find the unit vector along the direction of vector 2i — j — Zk. (2015-S) (2 Marks)
15. Find the area of the parallelogram having adjacent sides i — 2 j + Zkand 2i + j. (5 Marks)
16. Find the unit vector perpendicular to both 31 + 2 — 3kand i + j —k (5 Marks)
17. Find the area of the parallelogram having vertices A(5,-1,1), B(-1,-3,4), C(1,-6,10) and D(7,-4,7).

(5 Marks)

18. Find the vector joining the points (2,-3) and (-1,1).Find its magnitude and the unit vector along the
same direction. Also determine the component vectors along the co-ordinate axes. (5 Marks)
19. Prove by vector method , that in a triangle ABC,

b2+c%—a?
2bc

coSA =

where BC = a, CA = b and AB =c. (5 Marks)
20. Find the work done by the force 4i — 3kon a particle to displace it from (1,2,0) to (0,2,3) (2 Marks)

21. If @ and b are perpendicular vectors, then show that (& + 5)2 = (a — b )=. (2 Marks)
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22. If a,b and e are three mutually perpendicular vectors of the same magnitude, prove that

(e + b+ ?j is equally inclined with the vectors a,b and e. (10 Marks)
23. Find the area of the parallelogram whose diagonals are @ = 21 —3j + 4kand b = —31+4j -k
(5 Marks)
Answers
1 s .
N 7i+ L. 3146 9-2hy 1 -1 (f + %= 2§
) 5 5w ) —==) 73U )
. 1.
7)1 3 9 11—
) 8 ) \/ﬁl \/ﬁk
10) = 11) 510 sq units 12) 6+/5 sq units
2
13) 42 14) 21— 1j— 2k 15) V5 sq units
33 3 3 3
16) Li+ 'k 17) /2257 sq units
7 7

18) —3i+4j, 5 ,=3i+%j, 31 and 4
5 5 5 5

20) -13 units 23)%sq units.
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LIMITS AND CONTINUITY
INTRODUCTION:-

The concept of limit and continuity is fundamental in the study of calculus. The fragments of this
concept are evident in the method of exhaustion formulated by ancient Greeks and used by Archimedes (287-
212 BC) in obtaining a formula for the area of the circular region conceived as successive approximation of
areas of inscribed polygons with increased number of sides.
The concept of calculus is used in many engineering fields like Newton’s Law of cooling
derivation of basic Fluid mechanics equation etc.
In general the study of the theory of calculus mainly depends upon functions. Thus it is
desirable to discuss the idea of functions before study of calculus.
OBJECTIVES:-
After studying this topic, you will be able to
() Define function and cited examples there of
(ii) State types of functions.
(iif) Define limit of a function.
(iv) Evaluate limit of a function using different methods.
(v) Define continuity of a function at a point.
(vi) Test continuity of a function at a point.
EXPECTED BACKGROUND KNOWELDGE :-
(1) Set Theory
(2) Concept of order pairs.
RELATION:-
Definition : - If A and B are two nonempty sets, then any subset of AXB is called a relation ‘R” from A to B.
Mathematically R < AXB
Since @ < AXB and AXB is a subset of itself, therefore @ and AXB are relations from A to B.
EXAMPLE:-1
A={12} B={ab,c}
Then Ax B = { (1,a), (1,b),(1,0),(2,a),(2,b),(2,¢)}
Now the following subsets of Ax B give some examples of relation from A to B.
Ri ={(1,a),(2,b)}, R, ={(1,0)}, Rs ={(2,b)}and R; = {(1,a), (1,b),(2,¢)} are examples of some relations.
The above relations can be represented by figurel-4 as follows.
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R1 = {(1' Cl), (2' b)}

R; = {(1,0)}
Rs = {(2,b)}
R4 = {(1' a)' (1' b)' (2' C)} —

Fig4

Example -2

A = Players = {sachin, dhoni, pele, saina}
B = Game = {cricket, badminton, football}
Then R = player related to their games. e

The pictorial representation is given in Fig-5 =

Pele Badminton

Saina
Football
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FUNCTION: -
A relation ‘f' from X to Y is called a function if it satisfies the following two conditions
() All elements of X are related to the elements of Y.
(ii) Each element of X related to only one element of Y.
In above example -1 only relation R; is a function, because all elements of A is related.
Each element (i.e. 1-a and 2-b) is related to only one element of B.
R, is not a function as ‘2’ is not related.
R; is not a function as ‘1’ is not related.
R 4 is not a function as 1 related a and b.
EXAMPLE — 2 represent a function.

EXAMPLE -4

Let us consider a function F from A = {1,2,3}to

B = {a, b, ¢, d}as follows.

Fig-6

Here we can write F(1) = a
F(2)=c
F3)=b
DOMAIN (Dg)
Let F:X->Y is a function then the First set ‘X" is called domain of F.

X=Dom F = D¢

In example-4 {1,2,3} is the domain.
Co-domain —
If F: XY is a function, then the 2™ set Y is called co-domain of F. In example -4 {a, b, c, d}is the co-
domain.
IMAGE:- If f: XY is a function and for any xe X, we have f(x)e Y.
This f (x) =y € Y is called theimage of x.
In example -4 ‘a’ is the image of 1
'b” is the image of 3
‘c’ is the image of 2
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Range (Rf): -
The image set of X’ i.e. domain is called range of F.

F(X) = Range of F

In example -4 {a, b, ¢} represent the range of F.

In above discussion we have taken examples of finite sets. But when we consider infinite sets it
is not possible to represent a function either in tabular form or in figure form. So, we define function in another
way as follows.

CONSTANT- A quantity which never changes its value. Constants are denoted by A, B, C etc.

VARIABLE:-A quantity which changes its value continuously X, y, z etc are used for variables.

TWO TYPES OF VARIABLE:- i) Independent variable ii) dependent variable

Independent variable - Variable which changes its value independently .Generally we take 'x’ as independent
variable.

Dependent Variable - Variable which changes its value depending upon independent variable. We take 'y’ as
dependent Variable.

DEFINITION OF FUNCTION:-

Let X and Y be two non empty sets. Then a function or mapping ‘f’ assigned from set X to the
set Y is a sort of correspondence which associated to each element xe X a unique element ye Y and is
written as

f:X>Y (read as™ f maps X into Y).
The element 'y’ is called the image of x under f and is denoted by f(x) i.e. y = f (x)
and x is called pre-image of y.

Example - Let y = F(x) = x> where X ={ 1,1.5,2} . . 3

Pictorial representation is given in Fig-7

2.25

]
R
%
Vil .

'y

N
4

Fig-7

Here values of x form domain and values of y form range.

FUNCTIONAL VALUE f (a)-> The value of f (x) obtained by replacing x by a is called functional value of f(x)
at x=a, denoted by f(a)
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Example :- Lety = f (x) = x?
Then functional value of f(x) at x=2is f(2)=22 =4

The functional value of f(x) at x=1.5is f(1.5) = 2.25
If f(x) =L then f(1)= 1/1=1 , f(2) = V2. But f(0) = which is undefined
So the function value of function is either finite or undefined.
Classification of function
Functions are classified into following categories

Into function

A function F : A = B is said to be into if there exist at least one element in B which has no pre-image in A. In
this case Range set is a proper subset of co-domain Y.

LetA={1,23}and B = { a,b,c,d}

Then the function F given by fig-8 represent one into

function from A to B.

Fig-8 (Into Map)

In above figure d has no pre-image in A.
Onto function A B

A function F : A = B is said to be onto if Range of F

F
i.e. F(A) = B. In other words every element of B has a 1 — a
. _ > ) > [
pre-image in A.
LetA={1,2,3,4}and B = { a,b,c,} N —>— <
a
Then the function F given by fig-9 represent one onto
function from X to Y. (Oni?)_,?,‘ _—

From above figure it is clear that F(A) = B.
One-one function
==, A B
A function F: A = Bis said to be one-one if each

v
distinct elements in A have distinct images in B i.e. if —
x1Gxzin A => F(xq) GF(x;) in B. —
LetA={abc}andB={1,23,4}

Then the function F given by fig-10 represent an S S

one-one function from AtoB. Fig-10
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Many-one function 5 F o
A function F : A &> B is said to be many-one if there

exists at least one element in B, which has more than — .

one pre-image in A. - =
Let A ={1,2,3}and B = { a,b} . S
Then the function F given by fig-11 represent a

many-one function from AtoB. ( MFE;;_>'1<:ne>

From above figure it is clear that a has two pre-

one-one and onto function from AtoB.

( One-one and onto)
Inverse function:-

Fig-12
If F: X > Y is a bljective function then it's
inverse function defined from Y to X denoted by F-t . \ -

imagesland2inA.
One-one and onto function or bijective function
A function F : A = B is said to be one-one and onto if
it is one-one and onto i.e each distinct element in A

has distinct image in B and every element of B has a

pre-image in A.
LetA={1,23}and B = {a,b,c}

Then the function F given by fig-12 represent an

Im

If x e Xand y € Y such that y= F(x) then x= F-1(y).
One example of inverse function is given in Fig-13 .
LetX = {ab,c} andY ={1,2,3}. Fig-13

Composition of two function X g Y Y a oz
Iff:X>Y andg:Y > Z be any two functions '

having Range f = Domain g, then composition of f and n

g denoted by gof is defined by gof(x)= g(f(x)), xe X. aof

Domain of gof = X and Range of gof = Range of g.
The composition of two function f and g is shown l n

in fig-14.

Examples of some composite functions is given below
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y = f(x) = sinx2 formed by composition of x2and sinx.
y = f(x) = Vcotx formed by composition of cotx and v/x .
y = f(x) = log, sinvx formed by composition of v/x , sinx and log, x
Real Val Function:-
F : XY is called a real valued Function.
IfdomF=X<RandY <R.
Generally we discuss our topics on this type of functions.

DIFFERENT TYPES OF FUNCTIONS:-

(1) CONSTANT FUNCTION :-
The function F (x) = K for all x € R, where K is some real nhumber is called a
constant function

For Constant Function D= R
R = {K}

(2) IDENTITY FUNCTION :-
F(x)=x # € R, is called Identity Function. ( #x means for all x)It
is also denoted by I, or I.

D0m|= D|= R

(3) TRIGNOMETRIC FUNCTIONS :-
sinx, cosx, tanx, cotx, secx, cosecx are called trigonometric functions.
we know the defination of these functions.
We know that -1<sinx<1 and -1<cosx<1 #x € R. Here x is radian measure of an angle.

Function Domain Range
Sinx R [-1,1]
Cosx R [-1,1]
Tanx R- {(2n+1)§ :n€z} R

Cotx R- {nn: n€z} R

Secx R- {(2n+1)§:n€z} R-(-1,1)
Cosecx R- {nn: n€z} R-(-1,1)
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(4) INVERSE TRIGNOMETRIC FUNCTIONS :-

sin-1X, cos—lx,tan-1x, cot-1x, sec-1x,cosec-1x are called inverse trigonometric functions.
These are real functions.

Function Domain Range

i _ T T
sin—1x [-1,1] [_5,2_]
cos—1X [_111] [OIT[]
tan—1X R -Z,0)

2 2

cot—1X R (0, )
sec—1X x<-lorx>1 OSySﬂ,yG"E
cosec—1xX x<-lorx=>1 '%SYSLZL:YGO

(5) EXPONENTIAL FUNCTION (a%):-
An exponential Function is defined by F(x) = a* (a>0, a#1), for all x€R
De=R
Re=R,
Properties

(1) @7 =a%a’

(2) (@) =a"

(3) a*=1,<=>x=0

(4) If a>1, a*<a’ if x<y

If a<l,a*>a’ if x<y

(5) LOGARITHMIC FUNCTION
The inverse of a* is called logarithmic function.
f(x) =log .x (log x base a) is called the logarithmic Function.

Dom f=R" ,R=R
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PROPERTIES
(1) loga(xy) = logax + logay
(2) |Oga(i) = log.x - logay

(3) logax = 0 <=> x=1
(4) log.a=1

G)logx= ' (x#1)
a Logx a

(6) log.x = logpx.log,b
(7) log, x» = nlog, x
(8) kg YT =1log,x
(6) ABSOLUTE VALUE FUNCTION OR MODULUS FUNCTION ( IxI) :-

The function f defined by f(x) = |x|= , ™~ whenx < 0
x whenx =0

Is called Absolute Value Function.

D= R

Re=R'U{0}

Eg. |5]=5 (as 5>0)
[-2] =-(-2) =2 (as-2<0)
|0] =0
13.7] =3.7

|-5.2 | =5.2

(8) GREATEST INTEGER FUNCTION OR BRACKET x ([x]) : -

The greatest integer Function [x] is defined as

. {x ifxeZz
x] =
n ifx@Zandn<x<n+1lwheren€Z

Example

[2]1=2 (as 2€ Z)

[0] =0 (as0€ Z2)

[2.5]=2{as 2.5 @ Z and 2.5 lies between 2 to 3i.e.2 < 2.5 < 3}
[-1.5]=-2{as —2 < —-15< —1}

[\E] =1 {asl<\/3_<2}

[-e] =-3 {as2<e<3 =>-3<-e<-2}

Dom[x]=R  and Range [x] =Z
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Functions are categories under two types as follows
(1) ALGEBRAIC FUNCTION (Three types)
i) Polynomial P(x) = ap+aiX --------- +apxn
E.gOF(X) = X*+2x+3,  F(X)=3x+5e

___________ n
(ii) Rational Function (P00y = 20taix+ tanx)
009 botbiXt——————m————— +bmx
242x+5 . .
E.g.x_, T2 are rational functions.

21 | 3x+l
ii) Irrational Function {P(x)} *9 e.g>x,{ X*+2x+1)%? etc.

2) TRANSCENDENTAL FUNCTION
Trigonometric, logarithmic, exponential functions are called transcendental functions.
Again there are following types of functions as follows.
EXPLICT FUNCTION
y=f(x) i.e. if y is expressed directly in terms of independent variable x, then it is
called explicit function .
Example y = x?
y=2x+1 etc
IMPLICT FUNCTION
Function in which x and y cannot be separated from each other (i.e.) F(x,y) = 0 is
called implicit Function.  E.g. > x*+y*=1
X>+2xy+3x%y? = 7 are examples implicit functions.
EVEN FUNCTION:-
If f(-x) = f(x), thenf(x) is called even function.
Example f(x) = cosX
f(-x) =cos (-x) =cosx =f(x)
Hence f(x) = cosX is an even function

Similarly f(x) = x?, x* are even functions.

ODD FUNCTION:-

If f(-x) = -f(x), then f(x) is called odd function.

f(x) = sinx, X, x°, are example of odd functions
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INTRODUCTION TO LIMIT:-
The concept of limits plays an important role in calculus. Before defining the limit of a function
near a point let us consider the following example
Let F(x) ==x2=t

x—1
Now F(1) = 12__1 = 0 undefined
1-1 0

But if we take x close to 1, we obtain different values for F(x) as follows

TABLE -1
X 0.91 0.93 0.99 0.9999 0.99999
F(X) 1.91 1.93 1.99 1.9999 1.99999
TABLE — 2
X 1.1 1.01 1.001 1.00001 1.000001
F(X) 2.1 2.01 2.001 2.00001 2.000001

In above we can see that when x gets closer to 1,F(x) gets closer to 2.however,in
this case F(x) is not defined at x=1,but as x approaches to 1 F (x) approaches to 2.

This generates a new concept in setting the value of a function by approach method.
The above value is called limiting value of a Function.
SOME DEFINATIONS ASSOCIATED WITH LIMIT:-
NEIGHBOURHOOD:-

For every a€R, the open interval (a-§, a+ 6) is called a neighborhood of a where §>0 is
a very very small quantity.
Example (1.9,2.1) is a neighborhood of 2. (§ =0.1)
DELETED NEIGHBOURHOOD of ‘a’:-
(a- 6, a+ &8)- {a} is called deleted neighborhood of a.
Left neighborhood of a is given by (a- 6, a) .
Right neighborhood of a given by (a, a+ §).
Example
(1.9.2.1)- {2} is a deleted neighborhood of 2.

(1.9, 2) is left neighborhood of 2.

(2, 2.1) is a right neighborhood of 2.
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DEFINATION OF LIMIT:-
Given €>0, there exist §>0 depending upon € only such that, |x-a|<§ => |f(x)-l|<€

Then limy_,, f(X) =1
EXPLANATION
If for every €>0,we can able to find § ,which depends upon € only such that xe (a- §,a+ 6 ),=> f(x)

€ (l-€,l+€). Inother words when x gets closer to a then f(x) gets closer to .
We read x—>a as x tends to ‘a’ i.e. x is nearer to a but x+a
lim,_,, f(x)=> limit x tends a f(x). ‘I is called limiting value of f(x)at x = a.

In 1% example lim  ¥-1_ 5

=11
i.e limiting value of f(x) atx=1is 2.
Note:-
Functional value always gives the exact value of a function at a point where as limiting value
gives an approximated value of function.
Functional value is either defined or undefined. Similarly limiting value is either exist or does
not exist.
EXISTENCY OF LIMITING VALUE:-
In our first example if we observe table -1 then we see we approach 2 from left in that table.
In table -2 we approach 2 from right.
So in table -1 x€ (2- §,2)
And in table -2 x€ (2,2+ 6)
These two approaches give rise to two definitions.
LEFT HAND LIMIT
When x approaches a from left then the value to which f(x) approaches is called left hand limit of
f(x) atx=awrittenas L.H.L.= limy_,,- f(X)
X->a means x€(a — 6, a).
RIGHT HAND LIMIT: -

When x approaches a form right then the value to which f(x) approaches is called right hand limit.

Mathematically
R.H.L. = limy o+ f(x)

x->a" means xe (a,a+ 4)
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EXISTENCY OF LIMIT
IfLHL=R.H.Lie.

lim,_,+ f(x)=limy-a- f(x)=1

Then the limit of the function exists and limy-q f(x) =1
Otherwise limit does not exist.

ALGEBRA OF LIMIT: -
IF lim,,q f(x) = land  limy,, g(x) =m

Then
i) limxso{ f(x) + g(X) } = limxoa f(x) + limxsa g(x) =1+ m

i) ) limeso f(x) - g(X) ¥ = limyxoa f(x) - limysa g(x) =1-m

iii)limxsa{ f(x). g(x) } = limxoq f(x) . limy-q g(x) =1Im

&) )= limy—q fGr) _ 1 (provided m=0)

iv) ) lim

V) limy—q K =K (K is constant)

vi) limyoak f(x)= k limy—q f(x)=K |
(Vii)limx—q logy f(x)  =log, limy_, f(x) =log,
Viii) limy_,q efG) = elimx-a ) =g
(ix) limyeq f(x)™ ={limyeq f(x) 37 = I
(x) limyq fx) =limy_q f(¥) = |
() limyq | FGO) | = Jlimyeq fGO | = 1]

(xii) Iflim  f(x) = oo, thenlim ! =0
x-a X ()

EVALUATION OF LIMIT:-
When we evaluate limits it is not necessary to test the existency of limit always. So in this

section we will discuss various methods of evaluating limits.

(1) EVALUATION OF ALGEBRAIC LIMITS :-
(2)Method -> (i) Direct substitution (ii) Factorisation Iii) Rationalisation

i)  Direct Substitution :-
If f(x) is an algebraic function and f(a) is finite. Then lim,_, f(x) is equal to f(a) i.e. we

can substitute x by a.
Let us consider following examples.
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Example -1
Evaluate lim,o(x2 + 2x + 1)

ANS >
lim,_o(x2 + 2x + 1)= 0*+2x0+1 = 1

Example -2
. x—1

Evaluate lim,_,_4 a1

ANS—>
li x—1  _ D-t = 2 2oy
m,,_4 22x-1  CDZ2x(D-1  ~ 1-2-1 -2
Example -3
) Nz
llmx—>1 N
Ans :-

l]m \/X =$ :i

Ltz Vi+2 V3

Example -4

x¥*-1 12-1 0
Evaluate lim,_,; —-= =5 ,Which cannot be determined.

x—1  1-1
NOTE: -
So here direct substitution method fails to find the limiting value. In this case we apply following
method.
ii) FACTORISATION METHOD :-

If the given Function is a rational functionf® , and i@ isin 2 form
g(x) g(@ 0

then we apply factorisation method i.e we factorise f(x) and g (x) and cancel the common factor. After

cancellation we again apply direct substitution, if result is a finite number
otherwise we repeat the process .
This method is clearly explained in following example.

Example -4

x2—1

Evaluate lim,_,; o

x2—1
. . (e+D(x-1)
Ans : - llmx_)l x—_l = hmx_)l W

=lim(x+1)  {x=2 1 means x#1 => (x-1) # 0}
x—1

=1+1=2 {after cancellation we can apply the direct substitution}
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Example -5

X247x412

Evaluate lim,_,_3 256

ANS :-
lim X2 +7x+12 o
x>-3 2 5116 {by putting x=-3 we can easily check that the question is in aform }
x%+4x+3x+12

X>=3 2 2x+3x+6

x(x+4)+3(x+4)
* -3 GADG2)

(x+4)(x+3)
limx_)_3 m {Xe -3then x+3 # 0}

. (x+4) —3+4 1 .
= m - = =__= -
x2>=3(ex2) 3+2 -1

= lim

= lim

Example — 6

x3—3x2—3x—4

Evaluate lim,_,4 >
x“—4x

ANS ->
lim x3—-3x2—-3x—4 0
S RN (G, form)

0
As x=4 gives Bform

= X-4is a factor of both polynomials.

x-4 |x3-3x2 — 3x — 4| x2+x+1

| x3 -4x2 |
-+
|x2 — 3x — 4|
|x2 — 4x |
- +
| x-4 |
| x -4 |
0
Hence x3 -3x*-3x-4 = (x-4)(x’+x+1)
x3—3x2—3x—4 (x—4) (x*+x+1) o xPatl 424441 21

> =lim =1lm = =—.
x“—4x x—4 x(x—4) x—4 X 4 4

Now lim,_4
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iii) Rationalisation method :-
When either the numerator or the denominator contain some irrational functions and direct substitution gives

% form, then we apply rationalisation method. In this method we rationalize the irrational function to eliminate

the g form.This can be better explained in following examples.

Example -7
X
Evaluate lim, g Wiz
ANS :-
lim . x { In order to rationalize Vo421 — 1 we have to apply a2 — b? formula
20 Vx+1-1

a2 — b2 = (a + b)(a — b) so here a — b is present, so we have to

multiply a + bi.e.Nx + 1+ 1}

=lim _ x(x+1+1)
X0 (e 1-1)(Vat141)

lim x(VxFI+1)

x—0 2
VxF1 —12
= lim x(VXFT+1 = lim x(Vx+1+1)
=0 11 x=0 x

limeoo(Wx+1+1) = VO+1+1 = 1+41=2

Example — 8
Evaluate lim,_,q Vitx—yl-x
2x
Ans :-
lim Y& 0
=0 gy (5 form)
= lim (Vi) (i)
x>0 2x(VTFRV TR
V1+02=(1=20%  (1+0—(1-x)

= lim (———  )=lim_— "~
x-0 2x(V1+x+V1—x) x-0 2x(V1+x+vV1—x)
2x

lim—F7——
x—0 2x(V1+x+vV1—x)

lim—1
x-0 V1+x+Vl—x
-

VIFORT=O 1+1
1

2
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(3) _Evaluating limit when x-> «
In order to evaluate infinite limits we use some formulas and techniques.

Formulas (i) lim,_ e x® = oo, n>0

1
(ii)limx_mF: 0, n>0

. . f0) . .
When we evaluate functions in ey form , the we use the following technique

Divide both f(x) and g(x) by x“ where x“is the highest order term in g(x).
It can be better understood by following examples.

Example -9

3x%+x—1
Evaluate llmx_,oom

3x2+x—1

ANS:- llmx_mom

{Dividing numerator and denominator by highest order term in denominator i.e. x’}

3x2+x—1
— : . x=
- hmx_’oo 2x2—7x+5
xz
3x2 x 1 1 1
= i 77 =1 34-——
hmx_>Oo LA hmx_)00 "
ey 272
. ) 1. 1
llmx—wo 3+11mx—>oo - llmx—>00 2
X X . . .
= - : T - (applying algebra of limits)
llmx—)oo 2—llmx—>007 +llmx—>ooi
x x2
3+0-0 3
" 2-040 2
Example - 10
. x34+2x%43
Evaluate llmx_wom
ANS :-
li x34+2x%43
im R
X720 x4 _3x41

{ Dividing numerator and denominator by highest order term x*}

x3 2x2 3
= lim AR
X—C0 xZ 3x 1
PERT

1,2 3
- lim a2 Hht 04040 =9
XAyl T 040 T

X3 X4
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Example-11
x*+5x+2

Evaluate lim,_c 512

ANS :-
li x*45x+2
Mo x34+2
{ Dividing numerator and denominator by highest order term of denominator i.e. X’}
x4 5x 2 5 2 5 2
—=——3t3 X——+ limyx—oo x—limyx—co—5+limy—oo
_ x3_x3" %3 : AR x xX20N 2 x—0 3
- hmx—>oo B, 2 - hmx—mo 1+2 = Imx—oo 1+llmx—>ool
+
x3 x3 x3 x3
_ limy—»00 x=0+0 =i _
B 140 = MMyse X =0
Example-12
lim V3xZ—1—V2x2-1
X 4x+3

V3x2-1-Vox2-1

X

VIXEET—VZR=T 2 i
T &3

ANS :- lim
X200 4x+3
X
{ Dividing numerator and denominator by highest order term in denominator i.e. x.}
VBx2=1 \j2x2-1 VBx2_ 1 2x? 1
. x2 T 2 . 227 2 x
= limy e 3 = limye —* 4,3
X X X
Bk 41 S 1
= llm X2_3 _xz _ ,llmx—>oo(3_x2)- —,llquo(Z—XZ)-
x=eo 4+ llmx—mo 4+ llmx—yooi

X

(3-0)"/2- (2-0)'/2

440
V32
= (ans)
4
Important note in oo limit evaluation:-
lim ap+ax+—————— tap™ = £bn
0 ifm<n

X290 ho+bix+box2+
Example-13 5
x“—1
If limy, 00 (T_ ax —b) = 2, find the values of a and b.

2
X2
Solution -> Given lim,_q (T —ax—b)=2
X

= lim x2—1—ax?—ax—bx—b
xool e =2
lim x*(1—a)—x(a+b)—(b+1) -9
x+1

X—00
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As result is finite non zero quantity
= Degree of numerator polynomial = degree of denominator polynomial

=

Degree of polynomial in numerator = 1

{As x+1 has degree = 1}

= l-a=0 =>
a-=1

Now putting a = 1 in above evaluation
—x(1+b)=(b+1) _

limy o x+1
= —(1+h) = 2 {by important note}
1
2 —1—-bh=2 {lim aotaix———+amx™ _am where m = n}
xX—00 bn
bo+b1x+———+bpx"
b=-1-2=-3 "
=>

Therefore a=1 and b=-3

(4) Important Formulas in limit

nan

(1) lim,_, — =nan-1 where a>0 and n€R

a*—1

= log.a

e*—1

(2) lirrlx—>0 X

=1

In particular lim,,_,q "

1
(3) lim,o(1+ x)x=e
1
(@) lim, (1 + J=e
(5) lim  loga(1+x)
X

x—0

=log e

=log. e =1

. . loge(1+x)
In particular lim,_q _ggx

(6) limy,gcosx=1

(7) lim,_gsinx =0

sin x

(8) limx—)O

an x

=1

(9) lirnx—>0
x

SUBSTITUTION METHOD: -
In order to apply known formula sometimes we apply substitution method. In this method x is
replaced by another variable u,and then we apply formula on ‘u’.
Let us consider the following example.
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Example — 14:-

sin 2x

Evaluate lim,_,q —

ANS:- Let 2x=u => when x>0
U->0(asu=2x)

sinu = 2 lim sinu

Now lim sin 2x

= lim

x-0 u—0 % u=0
=2x1=2
lim f(Ax) = lim f(w)
x—-0 u—-0
In general
Putting Ax=u = limy0 £ (x)
Hence some of the formulas may be stated as fllows
Dilim  * '=loga
x—0 e

x

. . *—1
In particular hmx_)o%= 1

1
2) lim,,o(1+Ax)x =e
1
3) limy,. (1 + ) > =€
x

4) lim,_,q l_ogi(%) = log, e

In particular lim 081+ —
x
sin Ax
5) lim =1
x>0 Ax

6) lim,_q m7x= 1

Some examples based on the formulas
(1) Evaluatelim  sin3x

x>0 tan 5x

Ans :-

3sin

. i 1 3x
llmx—>0 tan¥ hmx—>0 St;ni
X

in3
= 3m 8 _ 3 13
g x—=0 (tan Sx) E I - E
5x
. 1—cos x
(2) Evaluate lim,_,q = (2014 S)
1—cosx 2sin?*
Ans :- limxﬁox—z = limx_,()‘xzfz
X X X . X
=lim 5 sz sy = 1lim sing - Shnz - =1x1x1
x-0“ x5, " x x>0 x X 2
2 .2 2
2 2 2 2




51

e3x_px

(3) Evaluate lim,_,o ——

. eSx_ex . 3x_1+1_ X
Ans :- lim,_ o — = lim,_q %
. 3x—q *—1
= lim,_g D . lim,_q (1)
= lim e3*—1 e*—1
-0 3( ) im0 T =31=2
(4) Evaluatelim _x(secx — tanx)
2
Ans :-
. . 1 i
lim =z(secx —tanx) =lim «z( — Smx)
xX=, X=, cosx Ccos x
= lim E(l—sin X) = lim E((l—sinx)(1+sin x))
X—=, cosx X,  cos x(1+sin x)
= lim E( 1—sin®x ) =lim cos®x
X=, cos x(1+sin x) X=, cos x(1+sin x)
m
= lim x( 0S¥y _ 7= 0 =0 =0
xX=, 1+sinx) 1+sin2_ 1+1 2
(5) Evaluate lim tan x—sin x )
X—)O( Sin3x
tan x—sinx i sinx_ sinx
. = lim Cosx
limyoso(—r— ) = M0
= limx_>o (sin?c—sinxcosx) = hmx—»O (sin.x (1—cosx)) — hmx—»O( 1—cosx
sin xcosx
= lim 1—cosx ) _ lim ( (1—cosx) )
x20 " (1—cos2x)cosx x20 " (1—cosx)(1+cosx)cosx
= lim %) _ 1 _ 1 _1
x>0 “(14cosx)cosx  (1+c0s0)cosO (1+1).1 2
a1
(6) Evaluate lim, o ———
Ans :-
. sin~1x T
lim,_,q — = lim,,_,o o
{put sin’x =u => x=sinu when x->0 u-> sin™x -> 0 {as sin"'0 = 0}}
— 1; 1 =1=
= lim,_o I 1
u
. tan™1
(7) Evaluate lim,_q a"x ol
Ans :-
. tan™! . ;
lim, o —— = limy~o——  {puttan’x = u => x= tanu when x->0 u->0}
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(8) Evaluate lim x-8

X=2 %532
Ans :-
x"—a® n—1
lim ¥-8 =lim -2 { as lim =na" '}
X—2,5_39 xX>2 4595 x=a 4_g
3_53
= lim .2 _3231' _3x22 _ 3 =3
X2 x5-25 5 25-1 5x24 5x22 20
x—2

3_
(9) Evaluate lim,_,o GAa7-27

. 3+x)3-27
Ans :- hmx_,o%

{ putx+3 = u when x--> 0 then u-->3}

n n
u3_33 X'—a

. . I n—1
= limyo 73 i, == e
= 3 331 = 3x3% =3x9 = 27
. tan~1 3
(10) Evaluate lim,_,o ~oin7x
. -1 ) tan"13x 4
Ans:- lim tan 3 = lim 3x
x—-0 sin % x—0 sin7x7
7x
tan~13x
= 3lim 5 )
7 x—0 (sin7x)
7x
=3yl -3
7 1 7
. 1 2x—1
(11) Evaluate lim,_,; %%
. 1 2x—1
Ans :- lim,_,; _ng:_};

{ For applying log formula x=> 0 ,but here x> 1, so we have to substitute a new variable u as, u = x-l}
loge 2(u+1)—1

= limu_,o u
. 1 2u+1
=limyg o when x-->1 then u=x-1-->0}
= lim, o “#C 2 = 1x2=2
u

(12) Evaluate lim  4*-5*

x—0 3xX—4x
. x  x . 4%—1+41-5%
Ans :- lim 4 —5 = lim x
x-0 3x_gx x>0 3¥_141-4%

4*-1) (5%-1)

o - _ loge 4—loge 5
= llmxeo?éél—zﬁ‘x:r = logz 3—10gee4
C-C )
4
In_
_  In4—In5 5

= =—3
n3—n4 InZ
4

{logeiswrittenasIn i.e. naturallogarithm}
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1

(13) Evaluate lim,_,o(1 + 3x)*

Ans :-
1 =
lim,o(1 + 3x)~ = lim,o{(1 + 3x)3}3
1
= {limyo(1+3x)np3 = €
2x 1
(14) Evaluate lim,o(1 + 5)2

3

Ans:-
. ok
. 2x_ — 2 z
limeo(1+ 392 = limyo(1+ )G
= {lim (1 4 2yFN2 13
x—-0 ? 3

Use of L.H.L and R.H.L to find limit of a function

L.H.L and R.H.L used to find limit of a function where the definition of a function changes. For
example |x| at 0 or [x] at any integral point etc.

Also the same concept is used when we come across following terms.

li 1 = oo
lmx_)0+; =
li 1_ )
lmx_)o—; =-

1
limx_)0+ ex = oo

1
limx_)o— ex=0

Examples :-
x|

X

(1) Evaluate lim,._,,

—I_x;lc {x >0 => x€(-5,0)i.e. x<0 => |x| = -x}

Ans:- LH.L= lim ,_o

X

= limx_,o— P
= limx—>0_ (_1) =-1

|x] x +=>x€(0,6)i.ex>0=> |x] =x
RH.L = 1imx_)0+? = ]imx_)0+; {x=>0 (0,6) x| }

= limyo+1 =1
From above

LH.L#RHL =>lim,.,2 does not exist

X
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(2) Evaluate lim x+1
x—=—1 |x+1|
Ans :- limx—>—1 liii—l = limu_oﬁ { Let x+1=u. When X>-1 then ueo}

LH.L =limyo- L= limyo- —  {u>0- =>u<0=> Iul=-u }
|

|u —-u
= limyo-(-1) = - 1
u u +
RH.L =limyo+ ) =limuuor ;7 =limyoo+ 1 =1 {u>0 => u>0=> Iul =u }

Hence lim,,_,, — does not exist
u olul

. +1 .
Therefore lim,_,; ch(+_1| does not exist.

(3) Find lim,_o+{[x] + 10}

Ans lim,_o+{[x] + 10}
=lim,_,o+(0 + 10) {As x-->0 => x € (0,6) i.e 0 <x <1} => [x]=0}
=lim,o+ 10 = 10

(4) Find lim,_37[x]
Ans :-

lim,37[x] =[3.7] = 3
(5) Find lim,_,_q[x]
Ans :-

[x] changes its definition at each integral point. So, we have to go through L.H.L and R.H.L.
LHL = lim,,_{-[x] = limy,_¢-(=2) =-2

{As x> -1" => x€(-1-6,-1) i.e.-2<x<-1 =>[x]=-2}

RHL = limy,_q+[x] =lim,,_+ -1 =-1 {as x-->-1+ => -1<x<0 =>[x]=-1}
As from above L.H.L # R.H.L.

= lim,__q[x] does not exist.

(6) Evaluate limx_)g[Bx —1]

Ans :-
4
3

lim,_4[3x — 1] = limy3[u] { Put3x-1 =u => when x 9; u>3X_-1ieu>3}
3

Now LH.L = lim,,3-[u] =lim,3-2=2 {Asu—-»3- =>2<u<3=>[u] =2}
RHL = lim,3+[u] =limy,3+3 =3 {Asu—->3+=>3<u<4=>[u] =3}

Hence L.H.L # R.H.L =>lim,_,3[u] does not exist.

Therefore lim _+[3x — 1] does not exist.

4
3
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(7) Evaluate lim,._,, f(x) where

x+1 x=>1

Ans :- As f(x) does not changes its definition at ‘2’ so,
lim,_, f(x) = lim,,(x +1)=2+1=3
{As x-->2 => X € (2-6,2+6) => x> 1 => f(x)= x+1}

x2 x<1
(8) Evaluate lim,-1 f(x) and lim,2 f(x) if f(X) ={2x+1 1<x<2
5 x> 2
Ans :- As function changes its definition at x=1 and 2, so we have to go through L.H.L and R.H.L. step.
lim f(x)
x—1

LHL = limy- f(x) = limy-x2 = 1°=1
RHL = lime_q+f(x) =limy+QRx+1) = 2x1+1=3
{ when x->1" =>x<1 soweusef(x)=x*}
{when x-->1" =>x>1ie. 1 <x<2 =>f(x) = 2x+1}
From above L.H.L # R.H.L

= lim,_1 f(x) does not exist

lim f(x)

X—=2

LH.L = limy - f(x) =limy-(2x + 1) =2x2+1=5
{when x-->2" =>x € (2-6,2) i.e. 1<x<2 => f(x)=2x+1}
R.H.L=1lim,_ + f(x) = limy_,,+5=5

{x-->2" =>x>2 => f(x) = 5 from definition}

AsLH.L=R.H.L

Therefore

lirﬂx—)Z f(X) =5
1

(9) Evaluate lim,._,q -

1
Ans :- LH.L =lim,o- =

1
R.H.L. = limx_,0+ J_c= (o8}
L.H.L#R.H.L.

1
=>lim,_,o- —does not exist.
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Note

X-->a’
So when we use direct substitution method either for x-->a* or x-->a” in both case we have to replace x by a.

Sandwich theorem or squeezing theorem

If limyx-q f(x) = limxse g(x) = and a function h (x) is such that f(x)< h(x) < g(x) for all xe(a-

6,a + §) ,then

lim,_, h(x) =1

Example
1
Find limy-o x sin;

Solution: - Weknow |sini|<1
X

=

= |xsin”| <|[x]|

x®

. .1
Again [xsin— | >0
X

Hence 0< |x sin ;| < |x|

Now limy-00=0

And limyso |x| =0

{ s limy-o-|x| = limy-o-(—x) =-0=0and lim,_o+ |x| = lim,_o+ x =0}
Hence by sandwich theorm

1
lim, o [x sin 4 =0

1 1 1
When x-->0, x sin - = (+)ve. So |x sin-| = xsin-
X X X

1 1
{when x-->0~ then x€(-6, 0), x = (-)ve, sin —=-ve=>x sin -= +ve}

L1 1
{When x-->0*then x € (0, §), x = +ve, sin Z = +ve => x sin— = +ve}
X X

Hence,
. 1

lim,_,oxsin- =0
X
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ILLUSTRATIVE EXAMPLES
. sin ax
1. Evaluate limy-o — a,bGO (2015-S) (2019-w)
sin bx
Ans.
. sin ax a
. sin a . -
=Ilim ax
limx-o in bx x-0 X,
bx -
sin ax
_¢ li Ca)
= 5 1IMx->0 i
)
a 1 _a
b1 b
. X—X COS 2x
2. Evaluate limx-0 —— (2015-S)
sin®2x
Ans.
i X—XCOS2x i x(1—cos2x)
My—0 5732 =0 i3y
xsinzx
x 2 sinx 3
—1i — : x
=limyo =2 im0y 7
203"
sinzx
. xz
=2 limx-o0 sin32x
@203
sinx 2
=2]im
8 x—0  sin2x, 3
)
1 12
PRAEE
1
=—(Ans)
4
. COS MX—COS NXx
3. Evaluate limy-0 ————— (2017-s old)
x
Ans.
_ 2 Sin(mx+nx) .. nx—mx ] C+D D—C
limy-o Losmx—cosm _ limyo ——2 2 {cosC-cosD= 2 sin— sin —}
x2 —x 2 2
.. n+m
sin( n—m
iMoo 2 S )X sin(—, ¥
X X
= lim m+n, Sin(m+n sin(n—m)x

x—>02(2 T’”’TH"W 2 C,)x

= 2 (v (mmylim sinCyrsin(™y
2 2 x-0 (mT*")x ™M
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2
2

2

T
4. Evaluate llmx_,az(g— x) tan x
Ans.

T T
limx—ﬁ(z_ - X) tanx = limu—)o u tan(z— — u)
2

(m+n) (n—m)
X

1x1

(m+n)(n—m)

T

— u— 0}

T
{putz—x=uwhenx—>2

= limy-ou cotu

U/u

1

= limu—>0 tanu

)

(

u

x2—2x+1

Evaluate lim,; =3

Ans.
(x—1)*
x—1 x(x—1)

x—1
limy—1 —
X

x2—2x+1

ime-1 =2

lim

1-1

1

0
=0
1

- Va—b—va—b_
Evaluate lim,._,, %(Wb)
Ans.
lim

x—a

Vx=t—Va=b-

2 q?
(Vx—b—a—b)(Wx—b++va—b)
(x2—a?)(Vx—b+Va—D)

(x—b)—(a—b)
X2 (x—a)(x+a)(\Vx—b+a—b) -
(x—a)
*2A (x—a)(x+a) Wi—b+JdTbh)
1 1

2a 2vVa—b 4ava—b

= limx—>a

=1lim

= lim = lim

lim

u—0 tan/y,

(2017 S)

(2017 W)

0
(0 form)

x—b—a+b
X724 (x—a) (x+a)(Vx=bFVa=bh)
1 1
*24 (x+a)(Vi—b+Vdi—b) - (a+a)(Vd=bFVa=b)
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. [2x—1]
7. Evaluatelim_ !
aluate % 2
. 2x—1
Ans. lim ;u
X—’z 2x—1

1 1
{Put2x-1=u=>whenx-—>5, u-->2XE-1=o}

. |u|
= hmu—>0 -
u

[ul —-u
LHL = limu—>0— 7 = limu—)O— T = limu—>0— (_1) = '1
|u] u

R.H.L= limu_>0+ u_= limu_,0+ u—= limu_>0+ 1=1

ul .
As LH.L G R.H.L, so limy-o — does not exist.

|2x—1]

=>lim, ! does not exist.

2 2x—1
x

8. Evaluate limx—w0—
[x]

Ans:-  From definition of [x] we know that,

x—1<[x] <x

b
lim —~ =lim X =lim L=L=1
x>0 1 - x—o0 x 1 7 X—>00 1_1 1-0
x X X
X
Hence by sandwich theorem limy-e —=1

1242243%+4-4n?
9. Evaluatelim,, o, 3

Ans.

. 124224324 .-+ n2
lim

n—oo n3
n(n+1)(2n+1)
= limn_m 613
1 n n+1l 2n+1

n

1 1 1
=gllmn_,oo 1(1 +Z)(2 +;)
2

1
= gX 1(1+0)(2+0) = =

Wl =
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. xsin a—a sinx
10. Evaluate lim,_,, ———

x—a
Ans.
. xsin a—a sinx
lim,_, —— Put x-a = u, when x-->a , then u-->0
x—a
. a+u)sin a—a sin(u+a
- iy, @2 (u+2)
u
a sin a+usina—a sinu cosa —acos u sina)
= limy,o "
. a sin a—a cosusin a + u sina—asin u cosa)
= limy,_o
u
. asina(l—cos u) i sin u
= lim {——— ~+sina-acosa }
u—-0 u
. asina2 &1 2% . sin u}
= lim {——— +sina-aco=
u—0 u u
. . sing oy . sinu
= lim{2asina_*.sin_+sina-acosa }
u-0 %.2 2 u
. . sin; .U . sinu
= lim{asina _~.sin_+sina-acosa }
o 2 u

u—0 2

= asina.l.0+sina-acosa.l = sina-acosa

. loge x—loge 5
11. Evaluate lim 5 —t
. loge x—loge 5
Ans.  lim,_g _ge,x_s e (Put u=x->5, when x-->5 then u -->0)

loge(u+5)—loge 5

u

loge(**5)

: 5
llmu_)oiu

= lim,_,q

u
loge(z+1)
u

limu_>0

u
. loge(s+1)
lim,,_,q —w .

— 1. loge(1+%)
= -lim,_, —
5
1 1
= -.1 ==
5 5
1+x—1

12, Evaluate lim, loge(142)
Ans. lim Vitx—1
%20 10g,(1+x)
_ 1 GTEx=D) TFx+1)
- lmx_)ologg(1+x)(\/m+1)
. 1+x—1
= im0 D
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. 1
=lim

x—0 Toge! —
. (lx+1)
1 1 1
TIKVIFOFL  Vitl 2
. log7(2x—3)
13. Evaluate lim,_,, _g?x—z)

. log7(2x—3)
Ans.  lim,_,, r-2)

logz{2(u+2)—3}
u

{ Put x-2 = u when x-->2 then u-->0 }

log7(2u+4-3)

u

lim,_,o = lim,_,,

2log7(1+2u)
2u

log7(1+2u)
2u

limu_>0

2lim,_,q = 2.logre

5%*—5

14. Find the value of a for which lim,.,; —w—— g >

5%—5
Ans. Given lim,,;——— = (1)
' x-1 (x-1)log,a

5%*—5

Now, llmxélm
e

sutl_g

=lim,o————— (Put x-1=u, when x-->1, then u-->0)
ulog,a
5455

=limy-o ulog,a
e

5 54—1
limy0 u

loge @

log, 5 (2)

loge @

From (1) and (2) we have,

> log, 5=5

logea

=>log, 5 =log, a

=>a=5
. x®—4x+3
15. Evaluate limy 15—
x%—3x—x+3 0
Ans.  limy1 m———v (gform )

x(x—3)—1(x—3)
M1 -165)

(x—3)(x—1)
M1 G556

= li
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. 3%437%-2
16. Evaluate lim,_,q —
Ans.
1
. 343F_p 32
hmx_>OT =lim,_g o
- 3%41-23% ' (39%-2.3%1+12
= lMy-o T = llmx_>0 3xyx2
. 3X_1 2 _ . 1 ,3*-1 2
= limy,o 8= = lim_ ( )
3xx2 x—0 3% x

2 (log_3)’
3° e

= (In3)?

17. Evaluate limeo{VaZ + 1 — Vx2 — 1}x
Ans.

limeo{Vaz + 1 — Va2 — 1}x
{(Vx2—Vx2=1) (Va2 t+Vx =D }x
Va2 414V —1

(P +1-x*+1}x
X2 FZ -1
i 2x
=m0 o=t

2x
0
\/m+\/72?1

lim, e

= lim

=lim, e

tan X_l

18. Evaluate lim,_,q

Ans.

. etan x_q
lim,_q — {Put u = tanx when x-->0 then u-->0}

e'—1

=lim —_—
U0 -1y

. A
=lim v ="=1
u—0 an—1y 1
u
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3x3—4x?+6x—1
19. Evaluate llmxﬁwm

Ans.
3x3 4x2 6x 1
. 3 2 .
lim 3x°—4x“+6x—1 =]im 5 3Ta 3
X209 23 +xZ+5x+7 X200 2xS X2 Bx T
x3 x3 x3 x3

4 6 1
i st _3-0+0-0 3
=My, 3 /5 7 2+0+0+0 ~ 2
X2 Xz X3
11
. x% 7
20. Evaluate lim ;" ~
Ans.
11 4—x2
lim 2 7 =lim 4x2
xX=2 x_2 xX=2 x_2
11_ x*—4
= -_lim
4 X232 (x=2)
_ 1li (x—2)(x+2)
T4 X2 42(x-2)
1 242 1
= -7(=)=-7 (Ans)

Exercise
1. Evaluate the following limits(2 marks)
. VIFT -1
(i) limy-o ——— (2016-S) (2018-S)
X
B . sin ax
(ii) hmx—»om (a;b GO) (2015-S)
. sin 3x
(iii) lim,_,o g (2019-w)
. . x?—/x
(IV) llqulﬁ
1—cosx
(v) lim,_q " (2014-S)
) ) sin x
(vi) llmx_,,rm (2016-S)
1
(vi)  limy_g In(1 + bx)x (2016-S)
tan5x
(2017-w)

(VIII) llmx_)o TanTx
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2. Evaluate the following limits (5 marks)

- . 2x—1_1
(i) limeos 2
1
L 4
(i) limy-1 =7—
xn—1
(V) lim  Le2Sesteen’

n—oo n4

(V) limyoew x2{Vx* 4+ a2 — Vx* — a2}

(V|) lim x2—4x+3
X232 5x—3

.. . 2x%49x—5
(VII) llmx_>—5 T
. 2 1
(viii) lim  ( + )
2Ll 152 x—q

(ix) lim 3—6x2+11x—6
x=2 x2—6x+8

(x) lim  loge(x=1)
X2 2 _3y42

(xi)  lim  tanx—sinx (2018-S)

x-0 x3
3 3

(i) lim,o O

(xiii) lim  a*=p* (2016-S)
x—0 cX—dx

(Xiv) lim  cos2x—cos3x (2017-5)
x—0 x2

(xv)  lim, —‘/3_2;_‘/3

(xvi) lim  Yltx—vi-x (2017-w)

x>0 gin—1x

3. Find the value of a on following cases.(5 marks)

(|) lim tana(x—a) _ 1
X2 x—q 2
. ] ex—eX
(i) limeo=——=2
loge(2x—3) _

(i) limys2 a(x2)
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Answers
1 @ ey 3 . 1 . ..
1. )3 ii); i) 7 iv) 3 v) 7 Vi)l vii)b  viii) 5/7
2. i)2In2 ii)%  iii)n/m iv)1/4 v) a’ vi) % vii)-11  viii) 1/2
lni
ix) % x) 1 xi)% xii)g xiii) H? xiv) 5/2  xv)-1/+/3  xvi) 1

Ql

3.() % ii) 3 iii) 2

Continuity and Discontinuity of Function

In the figure we observe that the 1% graph
of a function in Fig-1 can be drawn on a paper
without raising pencil i.e. 1% graph is continuously —
moving where as Fig -2 represents a graph ,
which cannot be drawn without raising the pencil.

F(% —

Because there are gaps or breaks. So, it is
. . ig- Fig-2
discontinuous. Fig-1 ig

The feature of the graph of a function displays an important property of the function called continuity
of a function.

Continuity of a Function at a point

Definition — A function f(x) is said to be continuous at x = a, if it satisfies the following conditions
(i) lim,_,, f(x) exists.

(ii) f(a) is defined i.e. finite

(i) limyq f(x) = f(a)

If one or more of the above condition fail, the function f(x) is said to be discontinuous at x= a.
Continuous Function

A function is said to be continuous if it is continuous at each point of its domain.

Working procedure for testing continuity at a point x = a
1°' step — First find lim,_,, f(x) by using concepts from previous chapter.
If lim,_,, f(x) does not exit then, f(x) is discontinuous at x = a.
If lim,_, f(x) =1, then go to 2™ step.
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2" step — Find f(a) from the given data

If f(a) is undefined then f(x) is not continuous at x =a.
If f(a) has finite value then go to 3" step.

3" step — Compare limx—q f(x) and f(a)

If limxsq f(x) = f(@), then f(x) is continuous at x= a, otherwise f(x) is discontinuous at x = a.

Examples
Q1. Examine the continuity of the function f(x) at x = 3.
x%2—9
fx) = (73 *G3
6 x=
Ans:- 29
lim f(x) = lim = i &DE-3)
x—3 _—— = m-———————-
x—3 x—3 x—3 (x=3)
= lim(x+3)= 3+3=6 {Asx>3,x+3 =>x-3#0}

x—3
From given data f(3) = 6
Now from above lim,_; f(x) = f (3)
Therefore, f(x) is continuous at x = 3.

Q2. Test continuity of f(x) at ‘0" where,

f(x) = {(1 + 3x); xGO
e3 x=0

Ans:- limeof(x) = lim(1+ 3x)*
X—

L3

x—0

1
lim { (14 3x)3)°
x-0

1
{ lim(1 + 3x)3 }°
x—0

= e3

1
{As lim(1+x)7 =e

x—0

lim(1 + Ax)= =e

x—-0
In particular lirg(l + 3x)% =e
and we know, lim,_ {f(x)}" = {lim,_,f(x) }"}
From given data f(0) = &’
Hence, lim,_q f(x) = f(0)
Therefore, f(x) is continuous at x = 0.
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Q3. Test continuity of f(x) at x = 0

|X]

foy={ x* %7
0 x=0

Ans. lim,_of() = lim2

x—-0X

As |x| is present and x>0, so we have to evaluate the above limit by L.H.L and R.H.L method

LHL = limeo- 2 (x>0 =>x<0}
= limx_>o—_7x
= limeo-(-1) = (-1)
RH.L = limor 1 {x30" => x>0}
= lim +fx = lim +(1) =1
x>0 )

Hence, L.H.L # R.H.L
Therefore, f(x) does not exist.
Hence f(x) is not continuous at x = 0.

Q4. Test continuity of xz__4 atx = 2.
Ans. Here, f(2) = 22__4 = 0 undefined.
2-2 0

Hence, f(x) is not continuous at x = 2.
Q5. Test continuity of f(x) at ‘0.

sin3x
0

f(x) = {tan5x
) {%x:O

sin3x
. . sin 3x . “x
Ans. limxso f(x) = lim 10 s = lim, 0w

X

l_ sin3x.3 31. 3 5
= |lim —3x = 1m Ssin3x tansx
x—0 tansgx.s E x-)O{( 3x )/( Sy )}
X
=3 (1) =3
1

Given that, f(0) = g

Thus, limy-o f(x) # f(0)

Hence f(x) is not continuous at x = 0.
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Q6. Test continuity of f(x) atx = %

o 1-x x<1/2
f(X)_{x x>1/2

Ans. First understand the function properly
When X<% , f(x) =1-x

1
X>5 %) =x

Whenx=1, f(x)=1-x=1-1=1
2 2 2

Now let us find the limx-1/2 f(x)

1~ 1
LHL = lim v f(® =1lim -(1-x) {ASX>_ ie.x<-,6 sof(x)=1-x}
X x> 2 2
—1-1_1
2 2

RHL =lim 1+ f(%) {As x> ie.x > . So, f(x) = x from definition of f(x)}
2 2

X

1
=]lim 1+t+X = _
X5 z

Now from above L.H.L = R.H.L
1

= limx_)if(x) i (1)

From definition f(1) =1  --=-mmmmmm- (2)
2 2

From (1) and (2)
lim 1f(x) = f(2)
X—>2 2

Hence, f(x) is continuousatx =1.
2

Q7. Test continuity of f(x) at x =0, 1

2x +1 ifx<0
fx) = {x ifo<x<1
2x —1 ifx>1

Ans. Here given that

f(x) = 2x+1 for x<0 (1)
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When x =0, f(x) =f(0) =2x+1 =2X0+1 =1 ---------- (2)
When 0<x<1, f(x)=x e (3)
Whenx=1, f(x)=f(l)=x=1 = (4)
Whenx>1, f(x)=2x1 e (5)
Continuity testat x = 0
LHL = limeo- f(x) { x>0-=>x<0 => f(x) = 2x+1 from (1)}
= lime-so-(2x + 1)
=(2X0)+1 =1
RHL = lim,_ o+ f(x) {x20t=> x>0 => 0<x<1 => f(x) = x}

= lim,o+x =0
AsL.H.L # RH.L
= limy-o f(x) does not exist
Hence, f(x) is not continuous at x = 0.
Continuity testat x = 1
L.H.L = limys1- f(x) = limyx-1- x {x 21~ =>x<1i.e 0<x<1 => f(x) = x from (3)}

=limy-1-x =1

R.H.L = lim,_+ f(x) =lim,;+2x —1 {x>1t =>x>1, f(x) = 2x-1 from (5)}
=2X1-1=1

As L.H.L = R.H.L
limys1 f(x) =1

From given data f(1) = 1 {from equation (4)}

Hence, lim.-1f(x) = f(1)

Therefore, f(x) is continuous at x = 1

Q8.Examine continuity of f(x) = [3x + 11] at x = % (2016-S)
Ans.

11 11
hmx_)_l_;f(x) = llqu_33[3x +11] {Letu=3x+1lwhenx>- 7u=3X->3x- _—+11=0}

= limu—>0[u] (1)
Now, limy_o-[u] = lim,o- -1 =-1  {Asu>0-=>-1<u<0=>[u] = -1
And lim,_g+[u] = lim,_o+0 =0 {Asu>0+=>0<u<l=>[u]=0}
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As, LH.L # RH.L

= lim,_o[u] does not exist =>lim_ __1 f(x) does not exist.
3

Hence, f(x) is not continuous at x = 0.
Q9. Determine the value of K for which f(x) is continuous at x = 1.

x% —3x+2
f(x) ={ =1 *G1
K x=1

Ans.
Given function is continuous at x = 1.
=>lim,_1 f(x) = f(1)
=>limy 1 f(x) = K--mmmmmmmmmmmmmee (1)
Now, let us find lim,_4 f(x)

. . 2 — 3x+2
lim, f(x) = lim, ;> x_f+ (%form)

x2 — 2x—x+2
x—1
x(x—=2)—1 (x=2)
x—1

= limx_>1

= limx_>1

(x=2) (x-1)
(x—1)
= lime1(x—2) =1-2=-1--m- (2)
Hence, From (1) and (2) we have K= -1, (Ans)

lim,_,¢

{Asx>1,x#+1, x-1+0}

ax2+b ifx<1
Q0. Iffx)= { 1 ifx=1
2ax—b ifx>1

is continuous at x = 1, then find a and b.
Ans.
Given that f(x) is continuous at x = 1
= limy-1 f(x) = f(1)
= limys: f(x) =1 —=mmmmmmee- (1) {Asf(1) =1 given}
From (1) as limx-1 f(x) exists
=>limx-1- £(x)=lim, _ 1+ f(x)=limx-1 f(x)

From (1) and (2) we have,
limx—>1— f(x) - 1

(2)

=>limxs1-(ax2+ b) =1 {As x>1-=>x< 1 => f(x) = ax’ +b from def" of f(x)}
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=> ax1’+b=1
Again from (1) and (2)
lim,+f(x) = 1
=>lim,_+(2ax —b) = 1
= (2xax1l)-b=1
Eq" (3)
EqQ" (4) 2a-b=1

3a
=

2

d

w I

From (3) a+b=1

= b=1-a=1-2=1
3 3

Hence,a=2 andb=1
3 3

Q11. Find the value of ‘a’ such that

sin ax

f0) = (e

xGO
x=0

is continuousatx =0

Ans. f(x) is continuous atx = 0

=>lim, f(x) = f(0)

=>lim
x—0

sinax

_ 1
sinx a

sinax

=>lim a( ax) —

x—>0"Smx -

1

{x>1" =>x>1, =>f(x) = 2ax - b}
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Q12. Examine the continuity of the function

2 1
f(X)={X51n} xGO atx = 0.
0 x=0

Ans.

Let us evaluate lim,_,q ** sin)l_c :

We know that -1 <sinl1<1

X

=>(-1)x’< x*sin2 < x%.1
X

=> x’<x’sinl<x?
X

Now, limy—o(—x2) = -0>=10
liquo xz = 02 = O

Hence, by sandwich theorem

B 2ginl =
lim,_q X sm; 0

Given f(0) =0
Hence limx-o f(x)= f(0)

Therefore, f(x) is continuous at x = 0.

Q13. Test continuity of f(x) at x = 0
1

o= 700
ex+1
0 x=0

Ans:-Evaluation of limx-o f(x) is not possible directly.

1
ex—1
LH.L = limeo- f(x) = lim,_o- T
ex+1

1
{when x>0 then ;9 -0 =>ex> 0 }

0-1
0+1 1




73

1

. . ex—1
RH.L. = lim,_o+ f(x) = limy_ o+ —

ex+1

{when x>0+ then 1 >w =>er>o0 =>1>0}
S T

ex

1
ex 1 1
171 1=3
. 1 .
=lim, o+ &~ =lim,,, +—°
+ 14+
1 1 ex
ex ex
=T =1
From above L.H.L # R.H.L
=>limx-o f(x) does not exist.
Therefore, f(x) is not continuous at x = 0.
Q14. Discuss the continuity of the function
IxI
fx) = (F "% XG0 at x=0
2 x=0
Ans: -
IXI
LH.L = limxwo-f(x) = limx— —
x—0— X
(=x) -
= limx_o—{x - T} {X">O => x<0=> |X| = 'X}

= limy-o-{ x = (1)} = limxy—o-{ x + 1}
=0+1 =1

RHL = lim_o+f(x) = 1im+x—%

=lim,_o+{x -2} {x-->0 => x>0=> |x| =x}
= limy—o-{x—-1)} =0-1 = -1
So, LH.L # R.H.L =>limxo f(x) does not exist.
Therefore, f(x) is not continuous at x = 0.
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Exercise

Q1. Find the value of the constant K, so that the function given below is continuous at x = 0.

1—cos2x

fx) = {2z *GO (5 marks)
K x=0

Q2. Test the continuity of f(x) at x = 1, where

x2+ 1 ifx< 1
f(x) = {2 ifx =1 (5 marks)
3x—1  ifx>1
Q3. Show that the function f(x) given by
sinx + cosx x GO
f(x) ={=« is continuous at x = 0. (5 marks)
2 x=0

Q4. Test continuity of f(x) atx = 1

x’—1
f(X) = {x-1 xG1 (5 marks)
7 x=1
Q5. Test continuity of f(x) atx =0
fx)= (1 + 2’2; if Ox G0 (2017-W) (5 marks)
e“lf x =

Q6. Test continuity of f(x) at x = 2

|x—2]
fx)= {x—=2 * G2 (10 marks)
1 x =2
Q7. Find the value of K for which f(x) is continuous at x = 0.
8¥—4X—2%41 xGO
f(x) ={ 2 (2016-S) (10 marks)
K x=0
Q8. Test the continuity of the function f(x) at x = 0.
sin3x
f(x) = {tan~17x xG0O (5 marks)

3/7 x=0
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Q9. Test continuity of the function f(x) atx = 1
x>—4x+3 xG1
f(x) = { x1 (5 marks)
2 x=1

Q10. Examine the continuity of the function of f(x) at x=0.

2x + 1ifx< O
f(x) = {0 ifx =0 (2014-s) (5 marks)
x2+ 1ifx >0

Answers
HNK=1,

Qno. 2, 4,5, 8 are continuous .
6, 9, 10 are discontinuous

7.2(In2)?
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Derivatives

Introduction

The study of differential calculus originated in the process of solving the following three
problems
1. From the astronomical consideration particularly involving an attempt to have a better
approximation of 7 as developed by Bhaskaracharya, Madhava and Nilakantha.
2. Finding the tangent to any arbitrary curve as developed by Fermat and Leibnitz.
Finding rate of change as developed by Fermat and Newton.

In this chapter we define derivative of a function, give its geometrical and physical
interpretation and discuss various laws of derivatives etc.

Objectives

After studying this lesson, you will be able to:

(1) Define and Interpret geometrically the derivative of a function y = f(x) at x = a.

(2) State derivative of some standard function.

(3) Find the derivative of different functions like composite function, implicit function using
different techniques.

(4) Find higher order derivatives of a particular function by successive differentiation
method.

(5) Determine rate of change and tangent to a curve.

(6) Find partial derivative of a function with more than one variable with respect to variables.

(7) Define Euler’'s theorem and apply it solve different problems based on partial
differentiation.

Expected background knowledge

1. Function
2. Limit and continuity of a function at a point.

Derivative of a function

Consider a function y = x2

Table-1
X 5 5.1 5.01 5.001 5.0001
y 25 26.01 25.1001 25.010001 | 25.00100001

Let x = 5 and y = 25 be a reference point
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We denote the small changes in the value of x as '6x’,
6x = small change in x
8y = change in y, when there is a change of §x in x.

Now, %Lis called Increment ratio or Newton quotient or average rate of change of y.
X

Now, let us write table -1 in terms of §x, 8y as

Table-2
ox 0.1 0.01 0.001 0.0001
Sy 1.01 0.1001 0.010001 0.00100001
Sy 10.1 10.01 10.001 10.0001
ox

From table-2 &y varies as dx varies

It is clear from the table when 6x=> 0
= §y>0 and %3;{9 10

Thisgaxwhen 6x—> 0 is the instantaneous rate of change of y at the value of x.
X

In above case x = 5, so fia;at x=5is10

Definition of derivative of a function (Differentiation)

If y = f(x) is a function. Then derivative of y with respect to x is given by

Z_y_ — limax—)o Fx+8x)—f(x)

x O0x

v is also denoted by f '(x)

dx

= =100 =1

are same notations

Process of finding derivatives of dependent variable w.r.t. independent varibale is called
differentiation.




78

Derivative of a function at a point ‘a’

Derivative of y = f(x) at a point ‘a" in the domain Dy is given by

fla+h)—f(a)

d ' ]
ﬁ]x:a: f (8.) = 11rnh—>0 h

Example -1
Find the derivative of f(x) = x2atx =5

1 . (5+h)— 5
Ans. ﬁ]x=5 =f'(5) = limy_ J%

(5+h)*—5%

= limh_>0 h

(5+h+5)(5+h—5)

= limh_>0 b

= limh_>0

QO = limy, (10 + h) = 10

Geometrical Interpretation ofgz
X

Y
H Qix+ dx,y+ &y
(Fig.-1) R
PM =y
QN =y + 8y
PS= dx
Qs= dy
P+ Gy
Y
X X
o x M N
h x+ dx g

oM =x
L]
1 4 ON=x+ 6x
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Let f(x) is represented by the curve in fig-1 given above.

Let Q(x+8x,y + 8y) be the neighbourhood of P(x,y). PM and QN are drawn perpendicular to X-
axis.

PS+ QN

Let QP Secant meets x-axis, (by extending it) and 0P make angle 6 with x-axis then angle QPS
=0

In AQPS, tan 6 =9 =3
PS ox

AsQN =y +6y, NS=PM =y
=>QS =QN-NS = 6y.
Similarly, ON = x+&x and OM = x =>PS = MN = ON - OM = §x

When §x -0 then Q—P and QP secant becomes tangent at P.

INAPQS | hg-% { tan @ gives slope of PQ line}
8

We know

. oy _ _
llmax_)og = g;; = tan@

Now when 6x — 0 the line PQ becomes tangent at P

So,

{is;= tan 6 = slope of the tangent to the curve at P.

So derivative of a function at a point represents the slope or gradient of the tangent at that point.
Example 2

Q. Find the slope of the tangent to the curve y = x2 at x = 5.

Ans. As we have done it in example — 1.

iz]x=5 =10
dx

Therefore, slope of the tangent at x = 5is 10.
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Derivative of some standard functions

1.

0.

d =
. (C) =0
i(xn) = n.xn-1

L (ax) =alg @ In particulard%c (ex) = ex

L (log, *) =

In particular £ (jog, x) =< (Inx ) =1
dx dx x

x loge a

d i =

™ (sinx) = cosx

a = - qj

. (cos x) sin x
4 (tan x) = sec2x

dx

4 (cot X) = - cosec2x
dx

<L (sec x) = sec x.tan x
dx

10.1 (cosec x) = - cosec x. cot x

11.4 - (sin"1x) =

Vi- x2
12,4 (cos~tx)=-_L_
dx 1—x?
13. d (tan—1 x) =
1+x2
14. d (cot Ix)=-_1_
1+ 2
15. d seclx) =
( )= - —

16.-2 (cosec-1x) = -

1
dx |x|VxZ—1

Algebra of derivatives or fundamental theorems of derivatives

If f(x) and g(x) are both derivable functions i.e. their derivative exists then,

(i)

(ii)
(i)
(iv)
(v)

i {cf(x)} =cf'(x)

d —_ 1 1
E(f-l-g)_f +g

d _ —f'_ A
o (f-9)=f"-g
c{fgr=fg'+f'g
4 fe

dx " g g2
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Example-3
Find the derivative of the following:
(i)3x3 (i) 6vx (iii) 9 3~
Ans.

() = (3x%) =340 =3X3x1 = 9x2
dx dx dx

ii ﬂ:M: M=61 ;=61 l_1= lT:i
(") dx dx 6 dx dx (x) 7 X2 62X ~

(i) =40 3 _ 9 a3 = 93xIn3

dx dx dx
(iv)  dGcotn) = 5dcotx) = 5 (- cosec2x) = - 5 cosec2x
dx dx
Example 4
F|nd-t% (i)y=x3-x2+6

(i) y =$ + x2(1-X) + sin—1x

(i) y = cosec x - sec-1 x.cot X

Ans.
0] dy = d(x3 -x2 + 6)
dx dx
_de) _dxS | d©)
T T dx dx Tdx
=3x2-2x+0
= 3x2 - 2X
(i) dy = d (L + x2(1-x) + sin-1x)
dx dx Vx
d(i) d d
= T (1=x)}+ —(sin"1x)

-1
=d0?) | ep2d (1-x) 4+ (a2). (1-X)} +_¢ (sin1 x)
dx dx dx dx

{as (fg)=fg'+f'g)
1

=(';)x—f1+{x2(0-1)+2x.(1-x)}+%

(iv) 5 cot x
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=1 X2+ 2X-22+ __L_
257 V1—x2
=-1.+2X-3x2+__L_
257 1—x
(III) d_y — d(cosec X —sec™
dx dx

_d(cosecxX) _ d(sec - x.cot X)
dx dx

1 x.cot X)

=(- cosecx.cotx) — {sec-1x . (- cosec? X) + L __
xVx2—1

= sec~l x cosec?x - cosec X cot x - 1L X
—=— cot

Example-5

Find the derivative of following functions w.r.t x.

3 2
o 3x242x+5 i jiiy tan x . T o,2inx 3
(I) X _x g _)bx ( ) (IV)(xS Ze +lnx3)

Vx x cos~lx x+1

Ans.

1
i) dy (3(20)+2+0Wx— (3% +2x+5)§x2_1

dx WVx)?

As d fy _ Fefg’
(As 20 =175

(6x+2)¢x—(3x%+2x+5) "
— 2v/x

X

3 3
6x2+2v/X—x 72— 5
— 2 2x

(i) y=a_

dy _ (a*Ina—b*Inb)x—1(a*~b") { d (Jj) _r g—fg’}
g2

dx x? dx'g

_ xa*In a—xb* In b—a*+b*
= =

_ a*(xln a-1)+b*(1-x In b)
= =

cot x}

(v) xsinx- =

14x2
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( ) y cos~lx
-1
—1x sec2x—tanx ( ——
dy _ cos (m)
dx (cos~1x)2
cos™1x sec?x+ tanx
— 1—x
(cos1 x)2
3 21 :
_ I L
(IV) y - x+1
3 2
x5—2€lnx2
= 7 hnx {As elnx = x and Inex = x}
x+1
3 2 2
x5=2x +Inx
= x+1
334 21 3, 2
dy -gx5 —4x+35/(x+1)—.x5-2x + 2 Inx/(1+0)
dx — (x+1)~

3 =2 2 3 2 2
'Ex 5 _4x+.3,x/(x+1)—x5+2x —glnx

(x+1)2
3 3 2 2 3 =2 2 . 2 2
Tx5—dx 4+ 4-x 5 —dx+ —x5+2x —Inx
= (x+1)2
3
2 2 2 3422154
T—4x—2x ——x5+—7 3x I
3 5
— 5x5
(x+1)2

X
(v) dy = d (xsinx)— 4(_¢ )
dx dx dx 1+x?
x.(1+x2)—ex(0+2x)}

(1+x%)2
e*—2xe*

{x cos x+ 1.sinx}—{e

2

. *+x
X COS X + SIN X — 3¢

(1+x2)2
] -2
X COS X + sin X - ex{ltx =~
] (1+x%)2
X COS X +Sinx- x 1=x

e ( 1+x2)
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Example 6
Find the slope of the tangent to the curve y = Inx at x = 1? [2017-w]

Ans.

Slope of tangentto the curvey = Inx atx =1is &],.1

2 dx 2
Now, &r = d(Inx) =1
dx dx x
Now dvt = 1=2
dx x:l _1_
2 2
Example -7

Find f' (v/3) if f(x) = X tan-1 x[2017-w]

Ans. f(x) = xtan-1x

1 _d(xtan"lx) _ 1 4+1. tan—1x
f (X) dx - x1+x2

1
=X + tan—lx

1+x2

' = -
f'(v/3) — + tan—1/3

_ V3.,
_1++3

w

=15-|-E
4 3

Example-8
Find the gradient of the tangent to the curve 2x2-3x-1 at (1,-2).
Ans.

v =4x-3
dx

2 = 4X1-3 =1
X at (1,—2)
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Derivative of a composite function (Chain Rule)

Composite function
A function formed by composition of more than one function is called composite function.
Example of composite functions
1)sin x2 is form by composition of two functions, one is sin x function and other is x2.
y= sinx? = sinu where u = x2
2) Similarly y = Vx2 + 3x + 1 is written as

y=+uwhereu=x2+3x+1
3) y= Vsin(x2 + 1) is form by composition of three functions.

y = +vu where u = sinv and v = (x2+1)

Chain Rule

If y = f(u) and u is a function of x defined by u = g(x), then

dy _dy du
dx du  dx

Generalized chain rule

If y is a differentiable function of u, u is a differentiable function v, ..... and finally t is a
differentiable function of x. Then

dy _dy du dt

dx du dv dx

Example -9

Find 4
dx

(i) y=(2+2x—1)5 (i) y = cot3x

(i) Vsinyx  (2016-S) (iv) anx (v) 5sinx’
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Ans.
(i) y=(x2+2x—-1)5
Here, y=uSandu=x2+2x—1

du=2x+2=2(x+1)and d=5u*

dx dx
dy _ dy du
dx du dx

= 5 ut 2(x+1)

=10 (x2 + 2x — 1)+ (x+1)
(i) y = cot3x can be writtenasy = u3
where u = cot x

du = - cosec?x, .= 3 u?
dx du

dy = dy, du = 3 y2(—cosec?x)

dx du dx
= - 3 cot2xcosec?x
(i) y=Vsinvx

Herey = vu,u=sinv, v=1/x

So,&vx=1,du=cosv, &= 1_
du 2Ju dv dx 2x

Therefore, v =_dy, du dv
dx du dv dx

| -

. COS V. L
2Vx

5

1
1 _.cosvx
2+/sin v 2vx

__ cosVx
4Vsinvx o

(|V) y = alnx
Herey = a» where u = Inx

&y =qulngandde=1
du dx x
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1
Henceﬂ __dyi =atlna._
dx dudx x

1
=a»lna _
X

=1]lnaahx
X

(V) y = _'—‘,sinx2
Herey = 5%, u = sinv, v = x2

dy = 5uln5, &u = cosv , &w.= 2X
du dv dx

Therefore, dy =_dydud = 5u]p5,cosv. 2X
dx du dv dx

= 5sinv |n 5 cos x2 2x

. 2
2x In5 5sinx” cos x?

Example — 10

Differentiate the following functions w.r.t. x.

()Vceot-1yx (i)2— (2016-S i) —1 -
v = 0( ol ) ( )ﬂmb) (2014-S)
(iv) tan-1(secx + tanx) (2017-S)  (v) cos—l((%)
Ans.
(I) dVcot! Vx _ d(cot™1vx)
dx - dx
{Herey =vAu , Theniy =d_¢u =_1 , U= cot-1+x = cot-1v ,f =- 1! b

du du 2vVu d d1é dud 1+v2

_ . udv

=1 {1y {v =/ , then by chain rule ¥= """
2Veor-lvx  1+(W0)?% dx dx dudvdx

= - 1 1

2Veot™1/x (1+x) 2x

- 1
4 /xVeot~1vVx (1+x)

- 1
4/x(14+x)Veot—1 Vx

(i) 4 L}r=-_1 f'(x
dx f0.  (JeOP

— . Njled)
{f()¥?
iy <4{_1 }=-__ 1 flax+b)d (ax+b)
dx f(ax+b) {f(ax+b)}? dx
_ afc(ax+b)

f(ax+b)?
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(iv) y=tan-!(secx + tanx)

= tan—l(f1 + 30X

Cosx CosXx

—tan—1 (1+sin x )
cosx

. 2X
sin 2% x x

L+ cos T +2sirn cos; }
cos —sm —
2

)

= tan—1{

x x 2
(sin +cos.)
=tan {(cos——smz)(cos 5+Sins )}

=tan—1(“** gHsing %) {dividing numerator and denominator by * }
2

cos,—sin

N

2

X X

2 smz
1+tan®

=tan-1(_2 _2) =tan!( 2)

tan’ +tan® T ox T ox
=tan~!(——=2) = tan{tan(z#+2)} =+ + =2
1—tan gtany

Hencedr =_d { tan-I(secx + tanx) } = 4 (z+ )
dx dx dx 4 2

N |-

(V) _ —1(—cos x+sinx
y = cos™( 7 )
1 . 1
cos~1(cosx _ tsinx. \/_—)
S—1 \/E s
(cos X cos + sinx. sm —)
=X-

(cos(x — g)) -

4

Hence ¢v = 4 —1 cosx+sinx
__(cosTH T
dx dx ( \/E ))
=4 (x-)=1
x 4
Example =11

If y = sin 5x cos 7x then finddﬂ

Ans.

dy = sin 5x _(cos 7X) + 4(sin 5x). cos 7x
dx dx

= sin 5x. (-7 sin 7x) + 5 cos 5x cos 7x

= 5 cos 5x cos 7x — 7 sin 5x sin 7x
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Example =12
Find 4vif y = cosec?(2x? + log , x)
dx

AnNs.

dy = 2 cosec (2x2 +log x){(-cosec(2x2 +log x)).cot(2x2 +log x)}(4x+_1t )
dx 7 7 7 xloge 7

= - 2 cosec?(2x? +log x). Cot (2x2 +log x)[4x+_ 1t ]
7 7

xloge 7

Methods of differentiation

We use following two methods for differentiation of some functions.

(i) Substitution
(i) Use of logarithms

Substitution

Sometimes with proper substitution we can transform the given function to a simpler function in
the new variable so that the differentiation w.r.t to new variable becomes easier. After
differentiation we again re-substitute the old variable. This can be better understood by following
examples.

Example — 13

y = tan-1(L5)
1+ x2

Ans.

y = tan-1(L3)
1+ x2

(If we differentiate directly by applying chain rule , it will be very complicated. So, we have to
adopt substitution technique here.)

Now y = tan-1(X"2) = tan-1(¥" ")

1+ x% 1+Vxx

Now Putvx =tana,x=tan g

_ _1 .tana—tan
Then, y = tan (m%ﬁ)
= tan-1(tan(a —f))

=a-f tan-! x tan-lx
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(Asvx =tana = a= tan-!'+/x and x = tan § = f = tan-1Wx)

Now dl= i(tan—l Vx— tan x)
dx dx
1 d 1
= (W)
1+(Wx)2 dx 1+x2
-1 1 __1
14x ~ 2Vx 142
_ 11
T A+02vx  1+x2 (Ans)
Example -14
_42
Find ¢ify =cos-1 " *) (2015-S)
dt 1+t2
Ans.
_42
y = cos—l(1 ‘ ) {Puttanf =t = 6 =tan-1t}
T+tZ
= cos—1(17tPy

1+tan 6

cos—1(cos 26)

=26

=2tan-1t
& _4d (2tan-1t) =_2_
dt dt 1+t2
Note

When we apply substitution method, then we must have proper knowledge about trigonometric
formulae. Because it makes the choice of new variable easy. If proper substitution is not made,
then problem will be more complicated than original.

Example =15
Ify = sec—l(\/_)”:‘ then find 4
a dx
Ans.
y = sec—l(_) Putx =atan 6
a

_1Na?+a’tan?6 _1 Na?2(1+tan?0
=sec”l(—————)  =sec 1(%

a
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Teocll _ 0
_ Sec_l(\/a sec26 ) =sec 1(a sec )
a a
= sec1(secH) = 6 = tan-1(0)
a
Nowdy=4d {tan-1 x_ 1 d «x
- O —=z=C
dx & a 1+E) dx a
a
=1, & =12
(1+;*2) a az:zxz

Example — 16
Differentiate sin2(cot-1 \/% )w.r.t x. [2018-S]
Ans.
y = sin?(cot-1 \/IIE {Putx = cos 26 = 6 =°°SZJ}
—x
= sin2?(cot-1 \/M) = sin? ( cot1 \/Qﬂ)
1—cos B 2sin260

= sin? ( cot-1Vcot20 ) = sin2 cot-1(cot §) = sin20

dy —dy d0 _ d (sin2Q)d (_Cos_l")
dx do dx do dx 2

=25in9c0591( -1)

2 V1—x2

—1 ) = _ Vi=cos?20

2V1—x2 2vV1—x2

= sin 26 (

= V1= = _ 1(Ans)
2VT=x?Z 2

Example — 17

Find the derivative of cot-1(v1 + x2 + x) W.r.t x

Ans.

y =cot-1(W1+x2+x) { Putx=cotf =>0 = cot-1x}

cot-1(W1 + cot20 + cot )

cot—l(\/coseCZO + cot0)
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cot-1(cosec 8 + cotf)

1,1

cos6

cot™

cot

(o

sin@

)

sin@

—1A+cos8

sin@

)

0
2cos?

cot1( Z)

ZSITLE.COSZ—

o
COS.

cot-1(__2)
Sl'l’lE

t! :
= xType equation here.

—1(cot(6 2=
cot 5)) ===

1 1

dy _

d cot™lx
il ) =
dx

- 2(1+x2)

)

E 2 E 1+x2

Differentiation using logarithm

When a function appears as an exponent of another function we make use of logarithms.
Example — 18
Differentiate (sin x)tanx
Ans.
y = (sin x)tanx
Taking logarithms of both sides we have,
Iny = In(sin x)tanx
= Iny = tanx. Insinx

Differentiating both sides w.r.t x, we have

1dy .
=>_ =tanx . cosx + sec?x. Insinx
ydx sinx
1dy . .
=>_ =tanx . cotx + sec?x. Insinx = 1 + sec2x. Insinx
y dx

d .
= 2 =y (1+seczx. Insinx)
dx

Hence 4= (sin x)tnx (1+sec2x. In sin x)
dx
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Example — 19

Differentiate y M

x7(6— 7x2)2
Ans.

_ (x—1)%/3x—1
x7(6—7x2)23:

Taking logarithm of both sides

2 7 2 3 a
=>Iny=In(x—1) +Inv3x—1-Inx -In(6 —% )2 {as logab=loga+log b&log; = log a-log b}

=2Iny=2In(x—-1) +2In(3x — 1) - 7Inx - 3In(6 — 7x2) { as Inx» = n Inx}
2 2

Differentiating both sides w.r.t, we have

ldy _ 2 d@-1) 1 1 dBx1) _7_3_1 d(6—7x%)

ydx x—1 dx 2(3x—1) dx x 26-7x%  dx

2 3 7, 3(14x)
x—1  2Bx-1) x 2(6-—7x%)

+

2 3 7, 2Wx
x—1 2@Bx-1) x 6-7x2

+

>Y=y[2 4 3 7, 2y
dx x—1 20@6x-1) x 6—7x%
(x—1)%3x=T 3 7 X Ans
:T—7—3‘[ o toge=1y " T 1 (Ans)
x (6—7x )2
Example — 20

Find the derivative of y = (logx)tnx  (2017-W, 2015-S)
Ans: - y = (logx)tanx
Taking logarithm of both sides,

logy = log(log x)tanx

= logy = tanx log(logx)

ldy _

= =tanx _1 .1+ seczxlog(logx)

ydx logx x

= Z_y =y (=222 + seczx log(log x))
x xlog x

- (log x)tanx (™

dx xlogx

+ sec?x log(log x)
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Example — 21
Differentiate (sinx)in* w.r.t x
Ans.
y = (sinx)hnx
Then log y = log (sinx)* = In x log (sin x)
Differentiating w.r.t x,

1dy — iy L cosx +1log(sin x)
ydx sinx x

d _
= d_yz y [ Inx cot x +lgsin0]
X X

d_y = (sinx)»* [ In cot X +_logGinx)]
dx x

Example — 22

Findﬁ ify = x*

Ans. y=xx

Taking logarithm of both sides,
= logy = logx* = x log x
Differentiating w.r.t x,

1 1
1% = x 41, logx

y dx x
> 2_3;= y (1+log x) = x*(1 + logx).
Example — 23
Differentiate (Inx)~* + (sin-1x)* w.r.t. x.
Ans:- y= (Inx)* + (sin-1x)* = u +v
u = (Inx)* and v = (sin-1 x)*
Taking logarithm of both sides,
= logu = log (Inx)~ and logv = log (sin-1 x)*

= log u= xlog (In x) and log v = x log (sin-1 x)

(2017-S)
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Differentiating w.r.t x,

=1%o 4 (xlog(Inx)) ()) and 1dv = 4 (xlog(sin—1x))
udx dx vdx dx

1o x Ll .1+1.log(Inx)Jandie=x_1 . 1 _ + 1. log(sin-1x)
udx Inx x vdx sin”1x 1—x

>™=y' +log(nx)]and=v[___* _ + log(sin-1x)]
dx In x dx sin~lxvV1l—x

=M= = (nx)* [ L + log (In x)] and dv = (sin-lx)*[__x____ + log(sin-1x)]
dx Inx sin~lxvVi—x

Now, &v =d (u+v) =du +dv
dx dx dx dx

= (Inx)* [ﬁTx +log (Inx)] + (sin—lx)X[ 27—+ log(sin1x)] (Ans)

Differentiation of parametric function

Sometimes the variables x and y of a function is represent by function of another variable 't’,
which is called as a parameter. Such type of representation of a fnction is called parametric
form. For example equation of circle can be givenby x =rcost, y =rsint.

Here x, y both are functions of parameter 't'.
So, this form of the function is called parametric form.

Derivative of function given in parametric form

Ify=f(t), x=9(t), Then

B
B

i

=J"i9__ dt =(t)

F ~ da(t dx,
g (® s )

2

QU
o

Example — 24

Find %lv_if x=atzand y=2bt




96

Example -25

Find dg_if Xx=a(l+cosf)andy =b (1-sinf) (2018-S)

Ans. & =a(-sinf) =-asinf, & =b(-cosf ) =-bcosh
de do

dy _ (dy/df) _ —bcosb _ b

Hence dx = (dx/d6) —asinf - ECOt 4

Example — 26

Find %y_when x=a(cost+tsint)andy =a(sint—tcost) (2017-S, 2017-W)
X

Ans.

(cii_x= a(-sint+tcost+ 1.sint)
t

=a(tcost)=atcost

% =a(cost—t(-sint) - 1. cos t)
=atsint,
. d/_=_(;i_?= atsint =tant.
dx G atcost
Example — 27

Ifsinx =2t _and tany =_2¢_then find <.
1+t2 1-t2 dx

Ans.

Putt=tan6 {In this case by substitution we can convert both x and y into functions of
another parameter 6, which are easily differentiable w.r.t to 6 .}

Then sin x =_2anb_ = gjn 29
1+tan<6

= X = sin-1(sin 26) = 26

y 1—-t2  1—tan?0 tan 26

=>y=20

Now, &» =2 and dx =2
do do

Hence & =

2:1
dx 2

ik
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Differentiation of a function w.r.t another function

Suppose we have two differentiable functions given by y = f(x) and z = g(x). Then to find
the derivative of y w.r.t. z we have to follow the following formula.

’\&.
i

(60)

dx’

TR
|
=

Example-28
Find the derivative of tan x w.r.t cot x (2017-w)
Ans.

Lety =tanx and z = cot x

4y = sec’x , 4z = - cosec?x
dx dx
d
— (J) sec?x . d(tan x .
Now, dv = —dx” — = - secxsin2x,Hence {anx _ _ sec2xsinx
dz (K) —cosec?x d (cotx)
Example — 29

Find the derivative of e2logx w.r.t 2x2  [2018-S, 2017-w]

Ans.
y = ezlogx and z = 2x2

dy _ d (ezigx) = d(elow’) = d(x2) = 2X
dx dx dx

dx

dz = d(2x2) = 4X
dx dx

Hence dy = (_)/(_) 2=1

N

Example — 30
Differentiate ax w.r.t xe [2014-S]
Ans. y =grandz = xa

Now, & = g*xlog a and 4z = axa-1

dx dx

X —1
@loga .= _|hga  (Ans)

axa—1 - xa—1

Hencedﬂ

@\H&
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Example — 31
2
Differentiate sm—l(—) W.r.t cos- 1( ) (2016-S)
T+x%
Ans. Lety= 51n—1(—)& Z = cos~ 1(1 x )
1+x2%
Putx =tant
y = sin-1(-2% ) = sin—1(-2tant ) = sin-1(sin2t) = 2 t
1+x2 1+tan?t
> =)
dt
—x2 —tan?
Similarly, z = cos—l(1 = cos—l(1 tan t) = cos~1(cos 2t) = 2t
T+x? 1+ tan’t
dz
>_"=2
dt
ay :_(ng) =2=1
dz (72 2
d (sin~1(=* )
Hence L+xZ 1

Example — 32

Find derivative of log x w.r.t vx [2017-W]
Ans.

y =logxandz=+x

Now,4 =1 and dz=1_
dx «x dx 2Vx

Henceﬂz(_ — x =
z @@ g5 x W

Example =33
Differentiate_t=cosx y .t LZSin%
1+cosx 1+sin x
Ans.
_ 1—cosx _ 1-sinx
y 1+cosx 1+sinx
dy _ (1+c0sx)(sinx)—(1—cosx)(=sinx) {As ¢ _fefey
dx (1+cosx)? dx ‘g o7
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__ sinx+sin xcosx+sin x—sinxcosx
(1+cosx)?

2 sin x
(1+cos x)?

dz _ (1+sinx)(—cos x)—(1—sinx) cos x
dx (1+sin x)?2

__ —C0SX—COS X Sin x—Cos x+cos x sinx

(1+sinx)?2
_ —2cosx
(1+sinx)?
dy/ 2sinx 2
dy _ O 7ax) _ (+cos? _ —tanx(l+sinx)
o, dzy = _=2cosx 2
dz (dx) (1+Sinx)2 (1+cosx)

Differentiation of implicit function

Functions of the form F(x,y) = 0 where x and y cannot be separated or in other words y
cannot be expressed in terms of x is called Implicit function.

eg.x2+y2-25=0
xJ’:yX

x2y+y2x +xy=25 etc

Derivative of Implicit functions can be found without expressing y explicitly in terms of x. Simply
we differentiate both side w.r.t x and express L;-Hn terms of both x and y.
X

Example — 34
Find %y;when x3+y3-3xy =0
Ans.
Given x3 + y3-3xy =0
Differentiating both sides w.r.t x We have,
3x2 + 3y2 ‘;lx 3x 4= 3.1y =0
= %(3)/2 —3x) = 3y - 3x2

o &y _3y-3 _y=x*  (Ans)

dx 3y?-3x y?—x

[2015-S]




100

Example — 35

Find @ if In V¥ F 57 = tan- 1(9 [2017-w]
dx

AnNs.

Given In VxZ ¥ 37 = tan-1(%)
X

Differentiating both sides w.r.t x,

'

1 (2x+ 2y dy) dx_y'l)
WZ\/x2+y 1+( )2 x2
20ty ™) 1 xP-y

dx’ = dx_ Y
:>2(x2+y2) R ( x2 )
X2

x+yﬂ xz(x ;—y)
X

dY — ———4xX —
D T @A

SX+yd=Xb-y

dx dx

= (xy)=x+y

= dy _xty
dx x—vy
Example — 36

Find %Lif yx =xv [2014-S, 2016-S, 2017-w]
X

Ans. Given yx = xv

Taking logarithm of both sides

=lny* =Ilnxy

=>XIny=ylInx

Differentiating both sides w.r.t x, we have

>xldr+ 1. Iny=d.Inx+yl
y dx dx x

d
ilny=Inxa+y
y dx dx x

>((x—Inx)&=(2—-Iny)
y dx x
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N (x—ylnx) Z_};z y—xIlny

y X

d -
=2 _ yo—xIny)

dx x(x—ylnx)

.4y _ yO—xlny)
dx x(x—ylnx)

Example — 37

Find i}f_if y2 cot x = x2 coty
X

Ans. y2zcotx = x2coty
Differentiating both sides w.r.t x,

= 2y 4 cot X + y2(- cosec?x) = 2x cot y + xz(-coseczyd_y)
dx dx

d
= 2y cot X4y - y2coseczx = 2x cot y - x2coseczy =
dx dx

= (2y cot x + xzcoseczy)ix = 2x cot y + y2coseczx
X

2

dy  2x coty+ yzcosec x

dx 2y cotxt x2cosecy
Example — 38
Find 4 if yx = xsiny
dx

Ans.yx = xsiny

Taking logarithm of both sides
log y* = log xsiny

= xlogy=sinylog x
Differentiating both sides w.r.t x,

1
= 1l.logy + x14 =cosy.logx + siny._
y dx dx x

= (x — logx cos y)&_= siny — logy
y dx x

N (x—ylogxcos y) Z_y — siny—xlogy
x

y X

:>d_y _ y(siny—xlogy)
dx x(x—ylogxcosy)
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Differentiation of Infinite series

Example — 39

sy = ) =
Taking logarithm of both sides
=>logy =log x» =y log x

Differentiating both sides

1dy
= =dlogx+yl
ydx dx x

> (@ —-logx)x =2
y dx x

dy _y 1 _ yZ
dx  *(—logx) ~ x(1—ylogx)
y

=

Example -2

Ify = Vsin x + Vsinx + sinx + -

=>y= ‘/sinx + (\/sinx + +/sinx + -

>y =sinx+y

Squaring both sides
=>yz2=sinX+Yy

Differentiating both sides w.r.t x,

= 2yd = COSX +
dx dx

= (2y-1)4 = cos X
dx

= dy _ cosx
dx ~ 2y—1
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Miscellaneous examples

Example -1
Differentiate the following functions w.r.t x

(I) Vatx +Ja—x

a+x— Va—x
(i) x| forx GO
(i) tan—1 e2x
(v)  etan '¥*

7 ax

(v) tan-1 ——
(vi) xvx
(vii)  logigsinx + log, 10 x>0
(viii)  (x9)¢ + (ex)*
(ix)  xxx
(x) _1 V& Vi=x+

tan - vi=?

Ans.

(i) — Jatx +Va—x
Y Vat+x— Va—x
_ (atx+ ya—x)(Jatx+Va—x)
(Vatz - Va—) (Vatxt vax)
— (Va+x++a—x)?
(Wa+x)? — (Va—x)?
— (a+x)+(a—x)+ 2vJa+xva—x
(a+x)— (a—x)
— 2a+2V(a+x)(a—x)
2x
a+ Va?—x2
x
a+ VaZ—x2

dy _ _d cat Vat—x*
Nowdx_dx( x )

x{0+__" (—2x)}— (a+ Var=x?).1

2Va‘—x
2
2
——— — (a+Va==x?)
\/az—x—z

x2
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— x2— aVa?—x2— a®+x?
x2vVaZ—x2

_ - x2— ava?—x2— a®+x?
x2a?—x2

_ (a2+ a\/az—xz)
PNy
(i) y=Ix
Whenx <0,y =|x| =-
Whenx>0,y=[x| =

So dix = d=0 = -1 whenx <0
dx dx

dixl = dx =1 whenx >0
dx dx
(i) y=tan"le2

d
o1 (eM)=
dx 1+(e*)?%d 1+ e**

(iv) y=ean ¥

2 er

dy _ etam*1 x2 d (tan_l Xz) = etanfl x? ! d (xz)
dx dx 1+(x%)?% dx
2xetan -1 2
- 14+x%
Zax
= -1 _ _ 2
(v) y = tan — 5 = an i (Zhr
a2
= tan- 1( ry z) = tan- 1( T )
_12 x 4x
_aZ_ a'a
(Putting 3x = tan 6,&4 =tan 6, )
a a
61 62
= tan-! (tan Htan ) =tan-{tan(6 + 6 )}
1— tan O1tan §2 i 1 2
=60 +6 =tan'__ +tan!
1 2 2 a
4
Now dr = d(tan-! 31) + d(tan-170)
dx dx a dx a
=1 O+ 1 _O=_1 @+ 1O
1+( N2 a 1+(E)2 a 1 92 a 622 q
a Yz 1oz
3a? 4q?

= +
(a%24+9x¥a  (a?+16xDa

— 3a + 4a (Ans)

a’+9x%? = a’+16x2
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(Vi) y=axlx
Taking logarithm of both sides,
Iny = In x'x
=Iny=+x Inx

Differentiating both sides w.r.t x,

1
S 1dy 1 Inx +x_
ydx 2vx x

dy _ ln_x 1
= E;'_ y(ZJ§4_ V%

= Y = x¥% (nx+2)  (ans)

dx 2Vx

(vii) y =logygsinx + log, 10

= logyo Sinx + —1 {aslg a= ¥
log1ox 1 1 loga b
dy _ 1 cosx + {— : ¥

dx sinx loge 10 (log10x)%2  x loge 10

_ cotx 1
loge10  x(log10x)2loge 10

___logioe

= cotx logip €
810 x(log10x)?

(viii) 'y = (x9)¢ + (ex)
Lety =y +y wherey; = (x9)¢ , y,= (ex)
Now, y; = (x¢)¢"
Taking logarithm of both sides
logy: = log (xo)¢" = ex log *
= log y; = ex elog x = extllogx
Differentiating w.r.t x we have,
:ﬂh = ex+1l0gx + e¥t1 1

dx x
y1 x+1

:Q;il =y, (extllogx+ &)
X

= (x) e¥*1 (logx + 1) === (1)

1
x

(ans)

Again y, = (e)*"

Taking log of both sides

= Iny, = xeln ex= xex = xe+1
Differentiating w.r.t x we have,

:)Ldyz = (e+1) x€+1—1 = (e+1)xe
y2 dx

S yy(erl)r € = 69X (e 1) @
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(ix)

From (1) and (2)
dy _ dyt | dy
dx - dx dx e

e X x+1 1 x

(x ) e (logx + ;) + (ex) (e+1)xe

y = (x)

Taking logarithm of both sides,
Iny = In x* = xxIn x
Differentiating w.r.t x we have,
1Y~ nx m+ XL

ydx x
dy
=>—= y(Inx d;x) + 1)
(1B CICLITNPY s pe— (1)
dx

Now let z = xx
Taking logarithm both sides,
= logz=Inx*
=logz = x Inx

Differentiating w.r.t x we have,

1a 1
> =1.Inx+ x_

i :
“=z(nx+1)
dx
=

d(x)
dx

From (1) and (2)

dy = x7(In X x* (In X +1)+ x=-1)
dx

= x*(x*(Inx)2 + x* In X + xx-1)
=x*x* 1 x(Inx)>+xInx +1) (Ans)
X) \_]1+x + V1—x?

y =t (e )
Put = x2 = cos 0

tan_l(\/1+cos 0+ v1—cos 0)

\1+cos@— v/1—cos 6

COS ——0

1( ;+ 2 sin ;
V2 cos Y

2— 2 511; 2

_1(\7— cos—'2_+ V2 sing )

V2 cosy — VZ sinz

Theny

= tan-

=x*(Inx+1) |

(ans)
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COSQ i 2
= tan- 1(“’55 Sé) {dividing numerator and denominator by _, }
5-"3
cos cos
2 2
1+tan tar17z+tanE
= tan_l(—%) = tan"! (—tr—29)
I 1—tanz .tanf

6

= tan-! (tan (”+ )) =n4_

4 2

=iT + Ccos 1x2
4 2
Nowdr=0+1(__-1_ )2x
dx 2 V1-(x%)?
== x
1—x*
Example -2
2(a+y)
dy = cos .

If cos y = x cos (a+y) then show that 4
dx sina

Ans. Given cosy = x cos (a+y)

cosy
cos(a+y)

Differentiate both sides w.r.t x we have

cos(a+y)(—sin y)d_y — cos y (—sin(a+y))~
dx

—_ dx
=1 cosZ(a+y)
dy sin(a+y)cosy—cos(a+y)sin
=1 -4y { (a+y) ;’ (aty) }’}
dx cos“(a+y)

dy sin(a+y—y)
=1= dx {Cosz(a+y)}

dy +
>~ = 05 @H) (proved)
dx sina

Example — 3
YW.rtvI —xZ

Differentiate sec-!
(zxz_

Ans.
1 — x2

1
Herey = sec™!(, ;) ,Z=

Let x = cos 6
Theny = sec—l( ) = sec—l(—l)
2cos26—1 cos 26
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= sec-1(sec20) = 20 = 2 cos~1 x

v = d(2 cos1x) = _=2

dx dx V1—x2

dz _ 1 (-2x)=_—x

dx  2V1x2 VI—xZ

dy _ 2
Now dz === Tx

Example -4

If y = 10besine find 4 .

dx
Ans.
_ d .
& —__ 4 (10bssin), T (logsinx)
dx dlogsinx dx

d .
= 10logsinx log, 10d_(logsmx) (As di((a)f) = ax 1oge a)
X X

= 10logsinx|n 10 511? cosx = In10 cotx 10lssinx

Example -5

1

If X = cos—1 and y = sin-1 ' _then find .4
V1+t? V1+t2 dx
1
X=cos 1 __ =
Nepvy ( Put t = tan0)

=cos1(__! )=cos1(1l)
Vi+tanZe secd

= cos~1 (cosf) =0 =tan-1t

dx 1
=>__=
dt 1+t
.. . t . tanf .
Similarly y = sin-1 __ = sin"}(__—____ ) = sin-1(tn?)
V1+t2 V1+tan20 sec
=sin-1(—¢—) = sin-1(sinf) =6 =tan-1t
cos @ secl
Ldy _ 1
Tdr 1+¢2

dy 1
d / /
Hence, @ = /dt = "1+t =1

—
dx dx/dt /1+t2
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Exercise

Short Questions (2 marks)

1) Find the slope of the tangent to the curvey = x2 atx = -12[2014—8]

2) Find the derivative of sin x w.r.t cosx. [2017-S]
3) Find the derivative of cos x w.r.t log, x .  [2015-S]
4) Find %if X =at?,y = 2at. [2017-w]
5) Differentiate tan-1 x w.r.t cos—1 x.

6) Differentiate y = xsin ' %, w.r.t. X.

7) Differentiate cosec(cot-1 x) w.r.t sec (tan-1 x)

8) Differentiate sec?(tan-1 x) w.r.t (1-x2)

9) Differentiate tan-1v~ — 1 w.r.t. x.
X

10) Differentiatecot-1 x w.r.t. cosec-1x
11) Find %v;of each of the following
i) (tan-15x)2
ii) (sin—1 x4)4
iii) tan-1(cosvx)
iv) logs(logy x)
V) sin(ex?)

Long Questions (5 marks)

12) Differentiate tan-1(“**="%) w.r.t x. [2017-w]

Ccos x+sinx

13) If y = tan-1 V- then find &,

1—sinx dx

14)Find %ly_if x =y In (xy) (2016-S)

15) Find %Y_if y = (tan x)hx (2017-w)
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16) If X VTF7 + yvTFx = 0 Prove that (14+x2) ® + 1 =0 (forx G y)
dx

17) Ify = log (1+%) , then find <.
1—/x dx

2_y2
18) If cos-! ¢, ) =tan-la, Prove that & = v,

x +y dx x
x 2
19) Find 2 =2 F Oy + Cys=1,

20) If exty — x = 0 prove that d&» = 1-x_
dx

X

2
21) Ify = ( x)\@/x—"""""' then prove that v = v
\/ dx 2—ylogx

22) Findoifx=2 =2
dx 1+¢2 7 1—t2

23) Differentiate sin2x w.r.t (In x)?2

24) Differentiate sin1(**_) w.r.t tan-1 v~
1+x2 1+x

25) Differentiate tan-1 x w.r.t tan-1v1 + x2

26) If x = « ) andy = at (ﬁ) then find &
2

1
1+t 1+t2 dx

27) If sin (xy) +x = x2 —y, then find 4
y dx

28) If Vi==x2 + Vt=y2 = a(x-y) , prove that_dy = Vi-y
dx

1—x?

2 tan~1 x
29) Differentiatec~ " w.r.t. x.
V1+x?

30) If y = log (x+vxZ =1) then findgx.
31) Find iy_of each of the following
X

0] sin-1(2axV1 — a2x?)

- 1462, 2 !
(i) [(1_t2) — 1]z
(iii) tan_1(1+\/1—x2

(iv) «x? cos—l(ﬂ)+ X2 cosec—l(ﬂl)
Vax+1 Vx—1
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(v) sin—1(3x — 4x3)

(vi) tan-1(—)
—4¥°
(vii)  cos~i(" )
T+x?
(viii) ¢
ex_e X
ANSWER
1 -1 (2) -cotx (3)—xsinx (4)1
t
(5) V1=xZ (6) xsin~ 1x [sm + logx | (7)1 (8)'1
1+x2 x
9 }x\/xz—l
©)- 2\/_\/1 (10 x2+1
10tan 15 3(sm 1 4)3 sinvVx
1) (0 T 1t+25x2 ("} (if) 2Vx(1+cos2Vx)
v x2 x2
( )xlog”(logmz (V) 2x ex2cos (ex?)
12) 1 (13)1 (14) = __ (15 (@nx)~ [Lntanx 4 sec X Inxy
2 x(1+ln(xy)) tanx
1 19 22 b(1+t2)3 x sin 2
W oo 076G )3 @) e @ S
—4\1—x2 25 2+x2 t*+4t2—1 2xy?—y—y3cos(xy)
(24) 14x2 ( ) xV1+x2 (26) 4t (27) xy2.cos(xy)—x+y?
* tan~1 x
29) ¢ [ 2x + L x] (30)__
1+x (1+x2)tan~1x  (1+x2) VxZi-1
31) (i 2427 fii) 1__1 iv) mx
) (i) = () = ( )2 — (iv)
\'J 3 iy —4 i) —2— viii
() 1—x2 (vi) 1+4x2 (V") 1+x2 (Vi) - (e"—e"‘)2
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Successive Differentiation

If f is a differential function of x , then the derivative of f(x) may be again differentiable
wrtx If £(x) = i.fthen £ (x)is called first derivative of f.

If £(x) is differentiable , and 2r © =F(x), then f “(x) is called the 2™ order derivative of
dx

f(x) w.r.tx.

The above process can be successively continued to obtained derive functions of higher
orders.

Notations

1% Order derivatives » 2., y', y1, Dy, f (x)
dx

2
2" Order derivatives > %7 Y y2 , D2y, f ”(x)

dx?

3
3" Order derivatives — 7, y”, Y, D3y , f ”(x)

dx3

. . dar
n" Order derivatives - *”

dx™

Y, Y, Dry, £7(x)

Example -1

Find 2™ order derivatives of following function.

()y=x5+4x3-2x2 +1 (i) y = log, x
(i) y = VezF1 (V) y ==+

() yr =2 =d(x5+4x3-2x2 +1) = Sx4+12x2-4x+0
dx dx
= Sx4+12x2-4X
_d¥y _ d (¥) = 4 (5x++12x2-4x)

Y2=72 T dx dx  dx

=20x3 + 24x—4 (Ans)
(i)  y,=_i(log,x)=1
dx x

d acn 1
y =F="c=-" (ans)
2 ax  dx xZ

iy y=+vxz+1




113

yi=_ 1 d(x2+1) (Chain Rule)
2Vx2+1dx
— 2x+0 — X
2VxZ+1 Vi1
a__’ )
—dv1__ VxZsT
Y2 dx dx
1VEEFT —x . L d@+D
= 2ty O (applying division formula of derivative)
(VxZ+1)?
VGEFT — * 2x
— 2Vx241
x2+1
(x> +1)—x? _ 1
= P (x2+1) - (x2+1)3/2 (Ans)
1 1 3
iV _d(1)=4d _2) =-1 _“_1=-l 2
) vl g == e
d 1 3 3 3 -5 3
_i_ — /= ——1 = X /2_
yo==esEn e X 2=
Example — 2
Find y; and y, if y = log(sin x) (2018-S)
Ans.
y1=- log(sin X) =— cosx = cotx
dx sinx
—dn = 4 cotx) = - cosec’x (Ans
& dx dx( ) ( )
Example -3
2
If x = at? , y = 2at then find ¢~
dx?
Ans.
dy (Qy) L@at) 20 1
? dt(at )
d’y _ d ,dy d ,dyy dt
Now 75= &R = 2@ =
d 1 1
—a@ _ 1
T odx T2at”  2at3
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Example — 4

If x=a (6 —sinB) , y = a (1+cosh) then findﬂ

dx?
Ans.
dy
dy _ 4 _ —asin® _ _ sin®
dx 9x a(l—cos6) 1—cos @
de
’si o 0
—2 sins cos 5 6
— 2 2 —
= 5 f=- —
2sin?” cot 2
2
d dy
dzy d dy dé d)) dy . .
&Y =2 (= — is function of 6
dx? dx (dx) dx {as dx s function of 6}
do
d 201 o
G cotﬁ) cosec“—" 1 cosec 1 6 0
—_do 2 = 27 — z— __cosec? . cosec? _
dx a(l—cosf) 202sin2”_  4a 2 2
de 2
0
=_1 cosec*_
4a 2

Example — 4

2
Find <” from the equation x2+ y? = a2

dx?
Ans.
Given x2+ y2 = a2 (1)
Differentiate both sides,
2Xx+2ydv =0
dx
dx y

Again differentiating w.r.t x

d%y y.1 — X
> o =t { applying division formula }
0% {y—x(‘—")
= R y
= =) {Form (2))
2 2 x2 2
> D= ™y =-a (Form (1)}
dx? y_yZ y3

Example -5
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Ifx=3t-t2,y=t+1,finde’att = 2.

dx?

Ans.

Given y=t+1 ,x=3t-t3.
d
2 -1 and £=3-3p
dt dt

dy _ Yige 1 1
- - 2 = 2
dx dx/dt 3-3t 3(1—t4)

&2y d(dy) Lt 2 ¢
_ @ _3 a2 (72t _30-B°?
dx? dx 3—3t2 3(1-t2)
de
_2 ¢t
9 (1-t%)3
2y
Nowd”’] =2 2 4 —a

dx2 =2 9(1-22)3 ~ 9(—3)3 243

Example -6
If y = eersin bx , then prove that y, — 2ay; + (a2 + b2y = 0 [2017-w]
Ans.

Given y = eax sin bx ——----mmmmmmmmnnm (1)

Differentiate both sides,
Y1 = ae** sin bx + e b cos bx
=y,= ay + bex cos bx -------------- (2)
Differentiate w.r.t x,
= Yy, = ay; +ba ew cos bx + b eaxb(- sin bx)
= Y, = ay; + ab ex cos bx - b2y
= Y, = ay; + a (yi-ay) - b2y {from (2)}

= Y, = ay; + ay; - aZy - by

=| y2-2ayit+ (a?+b2)y=0 (proved)

Example - 7
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If y = emcos ' * then show that (l-xz)dz_y =X -m2y =0 (2018-S)
dx? dx

Ans. y = emcos_lx

:ﬂ= emcos_lx m ) = _-mw
dx T Vi
dy
= VI —x7 _=-my-------------—-- (1)
dx

Differentiate w.r.t x

1(=2x) dy d?y dy
= v1— 28Y _mYY
2V1—x2 d +vl-x dx? m dx

v 2d%
- dx+ (1—x )dxz =-m dL

VI—x? dx

2
> xd +(1—x2) "7 = -maVtr=x
dx dx? dx

= (1-22) - x ¥ =m(-my) = m2y{from (1)}

dx? dx
2y dy
=>(1—-x2)d’ - x “-m2y=0
dx? dx
Example — 8
If y = ax sin x, then x2y, — 2xy; + (x24+2)y = 0 (2016-S)
Ans. y =axsinXx (1)

Differentiate w.r.t x,

=Yy; =a[l.sinXx+X. cos x]

= Yy; = a (sin X +X Cos X) (2)
Differentiate w.r.t x,

=>Yy,=a(cosx + 1. Cosx —x . sin x)

= Y, = 2a C0S X — ax sin X 3)

Now L.H.S = x2y, - 2xvy; + (x24+2)y { applying equation (1),(2) and(3) }
= 2 ax2 Cos X - ax3sin X — 2ax sin X — 2 a x2 cos X + ax3sin X + 2ax sin X
=0=R.H.S (Proved)

Exercise
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Question with short answers (2marks)
1) Find y, for following
) y=x2++x (i) y = exsinx
Question with long answers (5 marks)
2) If x =2 cost—cos 2t, y = 2 sint—sin 2t then find y”.
3) Findy, y = tan x + sec x
4) If y = sin-1x , then show that (1-x2) y,-xy; =0 [2017-w]

2
5) If y = A cos nx + B sin nx then show that%+ nzy = 0
dx

6) If y = log (x+ V1 + x2) , Prove that (1 +x2 )y, + xy; = 0

Question with long answers (10 marks)
7) If y = sin (m sin-1 x) prove that (1-x2) y, -Xy; + m2y =0

8)If y = em sin~ ' X prove that (1-x2) y - Xy ;= m2y (2017-W, 2017-S)

Ans.
1 (i) 2-— (ii) 2 ex cos x
4x7/2
3
2) cosx
8 sinicos 2% 3) (1—sin x)?2

Partial Differentiation




118

The functions studied so far are of a single independent variable. There are functions
which depends on two or more variables. Example, the pressure(P) of a given mass of gas is
dependent on its volume(v) and temperature (T).

Functions of two variable

A function f : X x Y to Z is a function of two variables if there exist a unique element
z = f(x,y) in Z corresponding to every pair (X,y) in X x Y.

Domainof fisX x Y .
f(XxY) istherangeoff. {fXxY)CZ}
Notation : - z = f(X,y) means z is a function of two variables x and y.
Limit of a function of two variable

A function f(x,y) tends to limit | as (x,y) = (a,b), .If given ¢ > 0 , there exist 6> 0 such
that |f(x,y)-I | <c whenever o < [(x,y) — (a,b)| <6 .

Continuity
A function f(x,y) is said to be continuous at a point (a,b) if

() f(a,b) is defined
(ll) lim(x,y)_,(a,b) f(x, ) exists.
(“l) lirn(x,y)—>(a,b) f(x» y) = f(a, b)

Finding limits and testing continuity of functions of two variable is beyond our
syllabus so we have to skip these topics here.

Partial derivatives

Let z = f(x,y) be function of two variables.

If variable x undergoes a chance 6x, while y remains constant, then z undergoes a
changes written as 6z

Now, 6z = f(x+ &x,y) — f(x,y)

If 2z exist as 6x=> 0, then we write the partial derivative of z w.r.t x as

ox

—bz=f =7 =1 FOx+3x,y)—fF(x.y)
o= o = B = limae o ™——5, ===

Similarly partial derivative of zw.r.ty,
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. +6y)—f(x
o= 62—=f .= 7.= lim Fxy+6y)—flxy)
6y 6y y y oy—0 oy

% , % symbols are used to notify the partial differentiation.
Note

As from above theory it is clear when partial differentiation w.r.t x is taken , then y is treated
as constant and vice — versa. (All the formulae and techniques used in derivative chapter
remain same here)

2"¢ Order Partial Differentiation

If we differentiate the_¢z , 6z
6x 6y

w.r.t x ory, then we set higher order partial derivatives as follows.

1% Order Partial Derivatives¢z , 6z .
6x 6y

2" Order Partial Derivatives

62 _6 (62)=z =f
6x2 a 6x XX XX
627 =£(6_z)= Zyy = f
6y6x 6y 6% X
627 :i (ﬁ) =7 = f
6x6y 6x 6y ¥oox
#1_6 (9)=z =f

6y2 6y 6y Yy Yy

Note:f,. = f,, when partial derivatives are continuous .

Example -1
Find 6z , 6z
6x 6y
() z = 2x2y + xy? + 5xy.
i) z=tan1) [2018-]
y
(iii) z=evtanx [2019-W]
(iv)  z=log (x2 + y?) [2015-S]
(v) z= -1 [2014-S]

sin ()—)
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(vi)y z= f(;z) [2017-S]
(vil) xv+ yx

Ans.
) z = 2x2y + Xy? + 5xy

6z = 6 (2x2y) + 6(Xy?) + 6 (5xy) ( Herey is treated as constant)
6x 6x 6x 6x

=2y 6 (x2) + y2 ° (x) + 5y 5. (%)
6x 6x 6x

2y.2x + y2.1 + 5y.1

4xy + y? + 5y.

6 6 6y> 6
=222 2L+ x 2+ 5x X
6y 6y 6y 6y

=2x2 + x.2y + 5x=2x2 + 2xy + 5x

(i) z=tan1()
y

zZ 1 Xy _ o1 1
& ‘1+<;)2&(y)"”1;”1'7

y

R R

T yePHyH  X4y?

&= H;gzé;() )

(iii) Z=evtanx

6
6z=¢y _(tanx) = _e
6x 6x 1+x2

y
z=&)tan X =evtanx
6y 6x

(iv) z = log (x2 + y?)

o _1_s(x+y) =
6x (x*+y®) & x2+y2

{6 y2= 0 As y is constant}
6x

bz _ 1  6(x2+y2)=
6y (x*+y?) ¢ x +y
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(vi) z =1
e=f'Q)0=f"0.)
6x x 6x x x x
—;’f €2)
z =f*(») 6 v A
o @73

=1f' (@)

vii) z=xv 4y~

% =yx-1+y*Iny (yisa constant here)

6z = xyIn X + X yx-1  (As X is treated as constant)
6y

Example-2 . Find f,and fx where f(x,y) = x3 + y3 + 3xy

Ans: - fy=3x2 + 3y , f, = 3y2+ 3x

§X=%(f)=6x+0=6x

fyx=i(fx)=0+3=3
6y

Example — 3

2z

2
Ifz=log(x2+y2)+ -1¥ ,provethats”+6” =0
tan €)

6x2 6y2

Ans. 6z2=_1 2x +_1 (-7)

6x (2 +y2) 145 %2
%2
2x ( ) _ 2x—y
T xy? xz+y2 x2 x2+y?
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6z 1 2y+ 1 1

2y + x2
(P+y?)  (P+y?) x

_ 2y+x
(r2+y%)

2
Nows” =6 & = (x%+y?)(2—0)—(2x—y) (2x+0)
6x%  6x 6) (x2+y?)2

_ 2x2+2y2—4x2+2xy _ 2y2—2x2+2xy

(x2+y2)2 (x2+y2)2

&_ 6 (6_z _ (x*4yH(2+0)—(2y+x)(0+2y)
6y2 6y 6y) B (x2+y?)?

_ 2x%42y—4y?—2xy _ 2x*-2y°—2xy

(x2+y2)2 (x2+y2)2

6%z 6%z _ 2y2—2x2+2xy+2x2—2y2—2xy

22 4 2
Now 6x2 6y? (x%+y2)2

=__ 0 =0(Proved)

(x2+y2)2

Homogenous function and Euler’s theorem

Homogenous function

A function f (x,y) is said to be homogenous in x and y of degree n iff (tx, ty) = t*f(x, y)
where t is any constant.

Example — 4

Test whether the following functions are homogenous or not. If homogenous then find their
degree.

(i) 2xy? + 3x2y (ii) sin-1 ()
y
(iii) 242 (iv) X2 + 2xy + 4x
x+y y
Ans.

0] Let f(x,y) = 2xy? + 3x2y
f(tx, ty) = 2(tx)(ty)? + 3 (tx)(ty)
= 2txt2y? + 3 t2x2ty
= t3(2xy? + 3x2y) = t3f(Xx,y)
Hence f(x,y) is a homogenous function of degree 3.
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(i) Let f(x,y)= -1*
sin (}—])
f(tx, ty) = sin-1(*) =sin1¥ = 0 _1 x = (of(x, y)
- t sin (-)
ty y y
Hence f(x, 2y) ig a homogenous function of degree ‘0’
(i) f(x,y) ==

x+y
_3(tx)% 4 2(ty)? _ £ (3x%+42y%) _
flx, ty) == =7, = tfx v)

Hence f (X, y) is @ homogenous function of degree 1.
(iv) f(x,y)=x2+ 2xy + 4x

f(tx, ty) = (tx)?2 + 2 (tx) (ty) + 4(x)

=t (tx2 + 2t xy + 4x)
So here f (tx, ty) cannot be expressed as t f(x, y)
Hence f(x,y) is not a homogenous function.

(0 If each term in the expression of a function is of the same degree then the function
is homogenous.

(i) If z is a homogenous function of x and y of degree n , thenz and 5z are also
6x 6y

homogenous of degree n-1.

(iii) If z = f(x, y) is a homogenous function of degree n , then we can write it as

z=xm ()
X
e.g. In example - 4(i) 2xy? + 3x2y is homogenous function of degree 3.
Now f(x y) = 2xy? + 32y =x*2Q)? +3 Q) =x* o)

Similarly in Example - 4 (iii), f(x,y) is of degree 1.

3X_+2y
Now f(x,y)="2 "2 2 3+2(%)2 3+2¢}
e =y (i) =x(F=x0®

Euler’s theorem

If z is a homogenous function of degree n, then x 4+ y%z=naz. [2014-S]
6x 6y

Proof: -

Since z is a homogenous function of degree n, so z can be written as

Z=x" (;)
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Now & = n xn1 (;y) + x 'é). el

X 6x x
=nx"1 y n 'Yy y
Q@+t OCD
=nx+1 7Y n—2 "y
R A O (1)
imi 6z = ,n ' Z i X
Similarly, p x (x) 5 (x)
= (@ O=xnt e (2)
Now x x Equation (1) + y x Equation (2)
6z y
=>x  +y6z=x{nx! Y _xn2y yryxt o
o o G Q &)
=N " y n—1 ry n—1 ry
x O-x ¥y O+x ¥y

=nx (;) = nz (proved)

Example -5
Verify Euler’s theorem for z = » [2014-S]
X
Ans. z=56()=-y
6x 6x X x2

1
6y 6y x x

Herez=f(x,y)=x

F(tx, ty) = L= =1(x, y)

tx

Hence f(x, y) is a homogenous function of degree 0.

Statement of Euler’s theoremis  x ** + yéz=nz (here n=0)
6x 6y

=>xiz+y6_2=0.2=0
6x 6y

Now we have to verify it.
From above

LHS=x¥+y& =x(-v)+y.1=-7+7=0=R.H.S
6x 6y x2 x x x

Hence Euler’s theorem is verified.




125

Example — 6
Verify Euler’s theorem for z = x2y2 + 4xy3 - 3x3y
Ans. Herez = f(x, y) = x2y2 + 4xy3 - 3x3y
F (tx, ty) = t2x2t2y? + 4txt3y3 - 3t3x3y
= t4(x2y? + 4xy3 - 3x3y) = t4(X, y)
Hence z is homogenous function of degree 4.
Here n = 4.S0, the statement of Euler’s theorem is

6.
x2Z +ybz=4z
6x 6y

Now we have to verify it

6z = 6 (x2y2 + 4xy3 - 3x3y)
6x  6x

= 2xy? + 4y3 - 3 ( 3x2)y
= 2xy? + 4y3 - Ox2y --------mmmmeee- (1)

6z = 6 (x2y2 + 4xy3 - 3x3y)
6y 6y

= 2x2y + 12xy2 - 3x3 T )

L.H.S = x6z + y 6z
6x 6y

=X (2X y2 + 4y3 - x2y) + y (2x2y + 12xy? - 3x3) {from (1) and (2)}
= 2x2y2 + 4xy3 - 9 x3y + 2x2y2 + 12xy3 - 3x3y
= 4x2y2 + 16Xy3 - 12x3y

= 4 (x2y2 + 4xy3 - 3x3y) = 4z (verified)

Example -7

If z = sin-1(-*¥ ) show that x 2 + y%_=tanz [2017-S, 2018-S, 2019-W]
x+y 6x 6y

Ans.

Let z = sin-1(""") = sin-1u
x+y

Now u = _x»
x+y
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u= (tX,tY) = txt =ﬁ(_xy_) =tu
tx+ty t x+y
Hence u is homogenous function of degree 1.

So by Euler’s theorem

Xéu+yéu=1,u=U---------—-- (1)
6x 6y

Asz =sin"lu

=>u=sinz
6u=6(sinz)=coszsez )
6x 6x 6x
Andéu=6(sinz) =coszez (3)
6y 6y 6y
From (1), (2) and (3)

= XCOSZ6% + Y COSZb2=sinz
6x 6y

6 .
=x_ 2+ y 6z = sinz = tan z (Proved)
6x 6y cosz

Example — 8

Ifu = sin-1(%) + tan-1( %) show that x &% + y 6u = 0
y X 6x 6y

Ans.

Ifu= -1~ -1
sin (;) + tan (;)

u(tx, ty) = sin-l(ti) + tan-1( )
ty tx

_ -1 1y
T g
sin (y) tan ( x)

=u(x,y)

Hence u is a homogenous function of degree ‘0’

So by Euler’s theorem

6
X+ yswe=0
6x 6y
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Example — 9

Ifz= -1 3+y8 6z 6z
tan ( ), show that x 52 +Y o = sin 2z [2017-w]

x+y

3+ 3
Ans. Letz=tan!,whereu= (")
x+y

3 3+t3 3 3+ 3
Nowu (tx, ty) =t = Y =2 (x ) = t2u
tx+ty x+y

Hence u is a homogenous function of degree 2.

So by Euler’s theorem

Now z = tan-1u

su=tanz._____________ (2)
6u = 6 (tanz) = sec?z S 3)
6x 6x 6x

67 ---m-mmmmmeee
And 6« = 6 (tanz) = sec?z __
6y 6y 6y

From (1), (2), (3) and (4)

6
S>x t+ysu=2u
6x 6y

6 6
>xsec?z -+ Yy sectz —_=2tan z
6x 6y

6
=Sx 0l 4+ y 62 = 2 tanz = 2 tan z cos?z

6x 6y sec’z

= 2.sinz cos2z = 2 Sin Z COS Z

cosz

= sin 2 z (proved)

Example — 10
If z is a homogenous function of x and y of degree n and ¢z, ¢z are continuous , then show that
2 62z é 6%z _ ox oy
x* 4+ 2xy +y2_" =n(n-1)z
6x2 6x6y 6y?
Proof

Given z is a homogenous function of degree n

So by Euler’s theorem
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X_+y =nz---m-mmmme (1)
6x 6y

Differentiating (1) w.r.t x,

6z 6%z & _ 6z
L et % T Vaey = "o
e ——
ox 82 4y & =(n1)e 2)
6x2 6x6Yy 6x

Differentiating (1) w.r.ty,

2 2z
Lz +1l.e+ye’=ne

6y6x 6y 6y? 6y
e ——
sy & +ys =(n-1)= (3)
6x6Yy 6y2 6y

{As 5z , 6z are continuous}
6x 6y

2 2
{6Z_6Z}

6x6y - 6y6x

Equr(2) X x + Equr(3) X y

62 é 62
=>x2" " + xy + Xy i 4 y2_ " =x(n-1) 6z + y (n-1)6z
6x2 6x6y 6x6y 6y2 6x 6y

6%z 2z 6%z
=x2__+2xy 6~ +yr ~ =(n-1) {x6z+ysz }
6x2 6x6Yy 6y2 6x 6y

=(n-1) nz

=n(n-1)z (proved)
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Exercise

Question with short answers (2 marks)

1) if z = sinx find_6z and 52,
y 6x 6y

2) If f(x,y) = Va2 + y2 , find f, , f, .
3) If f(x,y) = log (x2 + y2- 2xy) find fu , fyx, fxy

4) If z = f(x,y) , then find_6z , 6z

x6y

5) Find 6z , 6z if z = xev + yex
6x 6y

Questions with long answers (5 marks)

6) Given f(u,v) = w30, find  (2,1) and f (2,1)

7) If z =2y, then show that x 6z + y 6z = 0
x+y 6x 6y

8) If z = x2y + 3xy2 - =, Find partial derivatives of 2" order.
4
9) Verify Euler’s theorem for u = x2 log(g)

10)Ifz=xyf (y) , then show that x 6z + y 6z = 2z
6x 6y

11) Ifu = sin_l(ﬁyﬁ) show that x 2—’; + yZ—’; =% tanu

12) Ifz= x*+y? 62 62
In(77;") then show thatx o +¥ o~ = 1
13) If z = cos- 1( ) then show that x 6z + y ¢z = - cot z
x+y 6x 6y
Answers
1) 1 cos (x) , = cos (%) 2)__x y —2 2 2
y y oy y VaZ+y? " xZ+y? 3) (=% " (x=y)? ’ (x—y)?
4) y f'(xy) , xf(xy) 5)ev +Yyexr,Xey + ex 6) 65 ‘2157
2
8) Zu=2y, Zx=2Xx+6y+Ll ,  Zy=2x+6y+L ,Z,=6x-2
y y y
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INTEGRATION

Introduction

Calculus deals with some important geometrical problem related to draw a
tangent of a curve and determine area of a region under a curve. In order to solve these
problems we use differentiation and integration respectively.

In the previous lesson, we have studied derivative of a function. After studying
differentiation it is natural to study the inverse process called integration.

Objectives

After completion of this topic you will able to
1. Explain integration as inverse process of differentiation.
2. State types of integration.
3. State integral of some standard functions like x» , sinx, cosx,.... sin-1x , ...... a~ etc.
4. State properties of integration.

5. Find integration of algebraic, trigonometric, inverse trigonometric functions using standard
integration formulae.

6. Evaluate different integrals by applying substitution method and integration by parts method.

Expected Background Knowledge

1. Trigonometry
2. Derivative

Integration (Primitive or Anti derivative)

Integration is the reverse process of differentiation.

If L)

g(x), then the integration of g(x) w.rt xis [ g(x)dx = f(x) + ¢
dx

=> The Symbol [. is used to denote the operation of integration called as Integral sign.

=>» The function (here g(x) ) is called the integrand.

= 'dx’ denote that the Integration is to be performed w.r.t x (xis the variable of
Integration).

=> 'c’is the constant of Integration (which gives family of curves)

=> Integrate means to find the Integral of the function and the process is known as
Integration




131

Types of Integration

Integration are of two types:- i) Indefinite i) definite
The integration written in the form [ g(x)dxis called indefinite integral.
The integration written in the form fa b g(x)dx is called definite integral.

In this chapter we only discuss the indefinite integrals. The definite integrals will be discussed in
the next chapter.

Algebra of Integrals

. JIfGO) £ g()]dx = [ f(x)dx + [ f()dx + [ g(x)dx
ii. [Af(x)dx = A [f(x)dx for any constant A.
i diu [ fx)dax ) = Adi< [ f(x)dx) = M)

Simple Integration Formula of some standard functions

i) [kdx =kx+c

n+1
iy [x dx =x__+ ¢, nG-1
n+1

iii) [ 1dx =In|x| + ¢

- - — ax
iv) | axdx = ﬁ-i— c

V) [exdx = er+c

Vi) [ sinxdx = —cosx + ¢
Vi) [ cosxdx =sinx + ¢
viii) [ sec? xdx = tanx + ¢
iX) [ cosec?xdx = —cotx + ¢

X) [ secxtanxdx = secx + ¢

Xi) [ cosecx cotxdx = —cosecx + ¢
X") f = sin-1
mdx sin~lx +c¢
-1
xii) [ dx = cos~x + ¢
1—x?
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) | Jrmdx =tan-x +c Xv)jﬁdx—cot x +c
xvi) [ dx = sec-lx+c xvii) [_ " dx = cosec-lx + ¢
xVxZ—1 xVxZ—1

Methods of integration

1. Integration by using standard formula.
2. Integration by substitution.
3. Integration by parts.

1. INTEGRATION BY USING FORMULAS:-

Example -1 Evaluate the following

(i) f(5x3+2x5—7x+%+ijdx

Ans:-f(5x3+2x5—7x+i+_3dx
Vx o %

= 5[x3dx+2[x%dx —7 [xdx + [ x /2 dx+5 [ *£ by algebra of integration}
X

1 X541 X1+1 S
= 5xx +2x -7 +X2_+5Inlx|+c
3+1 5+1 1+1 —+1

x/Z

= 5X_+2><?—7X_+—1—+51n|x|+c
2

s5x* | x®

= T+?__+2 V2 + 5lnx + ¢
sx* | X0 7 + 5Inx +c
= 4+ - 42
4 3 2 ‘/x
(ll) 3x*—5x3+4x%—x+2
f( 3 ) dx
ANS - 3x*—5x3+4+4x?—x+2
[ — ) dx
4
= 3x — —_ -2
fx_3dx f_dx + f_dx _dx + | x_3dx

=3fxdx—5fdx+4f_x—fx—2dx+2fx-3dxdx

—2+1 zx—3+1
= 3Xx —5x+4lnx— + +c

1+1 —2+1 —-3+1
2

= 3xx 1 1
T —5x+4lnx+_—-,+c
2 X X

3x2 1 1
o —Sx+4lnx+ -G+
X X
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(i)  f(4cosx —3ex + )dX
ANsS - |(4cosx — 3ex +

J( \/_)dx

= 4f cosxdx —3 [exdx +2 [ dx

i
= 4sinx — 3ex +2sin-1x + ¢
(iv)  [6x3(x + 5)2dx
Ans :- [ 6x3 (x + 5)2dx
= [ 6x3(x2 + 10x + 25)dx
= f(6x5 + 60x* + 150x3)dx
= 6fx5dx+60fx4dx+150fx3dx

= 6XX+60>< +150>< +c
6 5 4

= X6 +12x5 + Dxt + ¢
2

(V) [ 5tan2xdx

= [ Stan?xdx = [5(sec?x — 1)dx

5[ seczxdx — 5 [ 1.dx

S5tanx—-5x + c

(vi)  [sinzldx
2

Ans :- [sin2Zdx
2

i} f(l—cosx) = L1[fdx— [cosxdx] {1-cosx=2an 2%}
2 2

= Ll[x—sinx]+cC
2
(vii) S dx
1+sinx
Ans - [ dx

1+sinx
— f (1.—sinx)sin.x dx J(1 smx)smx dx

(1+sinx) (1—sinx) 1—sin?

sin x—sin?x sinx 2

JC 2, Ddx o — tan

cos~ x
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= (3 1 dx — [(sec2x — 1)dx

COosSXx Ccosx

= [tanx.secxdx — [ sec?xdx + [ dx

= secx—tanx+x +c¢

viii)r
( ) J sin?x.cos?x dx

Ans :- [——t——dx

sin?x.cos?x

2

sin®x+cos?x

- J sin% .cos %
f sin?x f cos?x
= - + S S I
sinZxcos?x X sin?xcos?x dx

= [ sec2 xdx + [ cosec2xdx

= tanx — cotx + ¢

(x) [ tan-1 (V" dx
1+4cos 2x

Ans :- [tan-1{\/ if:;:;}dx (1 — cos2x = 2sin2x and 1 + cox2x = 2cos?x)

= [tan (V" }dx = [tan—! (VEanx)dx

2cos%
= [tan-!(tanx)dx (-tan-'(tanx) = x)

2
= J'xdx =" 4¢
2

(X) f secx

secx+tanx

Ans:- [ 4

secx+tanx

seczx—secxtanx

= secx(secx—tanx) dx = dx  {sec’x — tan’x=1}

J J

= [ sec?x dx — [ secx tanx dx = tanx — secx + ¢

(secx+tanx)(secx—tanx) sec?x— tan®x

(xi) [ axexdx
Ans:- [ axexdx = [(ae)*dx {we know | @*dx = :1_a here ae is in place of a}

=@ L =% +c (Ans)
In(ae) In(ae)
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(xii) [ V1 + cos2x dx (2017-S , 2018-S)

Ans: - [V1 + cos2x dx = [ V2cos2x dx
= [ V2cosxdx

= /2 sinx + C

2. INTEGRATION BY SUBSTITUTION:-

When the integral [ f(x)dx cannot be determined by the standard formulae then we may
reduce it to another form by changing the independent variable ‘x’ by another variable t (as
x=@(t)) which can be integrated easily. This is called substitution method.

[ fGdx = [ f(x)d%ft = [fl6®]d'(H)dt,  where x=a(t).

The substitution x=d(t) depends upon the nature of the given integral and has to be properly
chosen so that integration is easier after substitution. The following types of substitution are very
often used in Integrations.

TYPE -1
[ f(ax + b)dx
Putax+b=t¢t
adx = dt

=>dx=1dt

o [ f(ax + b)dx = [ () %dt = 1; [ f(®)dt
TYPE - Il
[ 31 fanydx
Putxr =t
nan-1dx = dt
a

=>xn-1dx = _
n

[ xn=1f(xmydx = [f(0) “ = [ f()dt
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TYPE - 1lI
JEFGOI f (x)dx
Put f(x)=t

Differentiate both sites w.r.t x,

d
flo) = di
X
. _ tn+1
=> [} f()dx = Jtrdt= ¢
n+1
= O™ 4+c¢ (~t=Ff(x))
n+1
TYPE-IV
e dx
i(€I)]
Put f(X):t

=>f1(x)dx = dt

. f1(x) _ dt B B . )
"fﬂ@dx‘f?—mm+c—mmmeoﬂm_o
SOME USE FULL RESULTS
1. f dx
ax+b

Ans :- Putax+b=t

Differentiate both sites w.r.t x,

=> dx =t
a

dx dt 1.dt 1 1
= /az_f_=_ln|t|=_ln|ax+b|+c.
ax +b t a t a a

- dx
J ax+b

:ilnlax+ bl +c
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2. [ cotxdx

Ans:-[ cotxdx

= f CoSx dx

sinx

Put sinx=t
Differentiate both sites w.r.t x,

dt
cosx = —
dx

=>dt = cosxdx

d .
._.fcosxdx = f_t= In|t| = In|sinx| + ¢
sinx t

[ cotxdx = In|sinx| + ¢

3. [tanxdx

Ans :-f tanxdx

= [ lecxtaiy (multiply & divide by sec x)

secx

Put secx =t

Differentiate both sites w.r.t x.
sec X tan x = 4+
dx

=>secx tanx dx = dt

secx tanx
f dx

d
= f_t = In|t| = In|secx| + ¢
secx t

[ tanxdx = In|secx| + c

4. [ cosecxdx

Ans :-[ cosecxdx

_ 1
= f dx
Sinx

1
—x—xdx

Zsmi cosy
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Divide numerator & denominator by cos2*/,

ﬁzz sec?X/,

f x oy dx = f ~— dx
Zsinzcosz 2tan /2
cosZx/,

Let tanx =
2

=>sec2X/ x Ydx = dt
2 2

=>sec2X /5 dx = 2dt

sec?X)

2d d
= = Y = |t + ¢

= ln|tanx_l +c
2

. x
| cosecxdx = In |tan Zl +c

sin¥ 2sinXsin X 2sin 2X
2 272 2
Now tany = %= = 2= l-cox = COSecx — Cotx

2 COS2

5 2sin

Hence [ cosecxdx=In | cosecx-cotx | + ¢

5. [secxdx
Ans:-|[ secxdx
- fcosec(; +x)dx  (~ cosec(T/, + x) = secx)

X X

T —
In |tan§ + ;)l +c¢ (~ [cosecxdx =In|tan 2| +0)

_ T ox
| secxdx = In |[tan(Z+ E)“ +c

As tan(" + ©) = secx+ tanx ( we can easily verify it by applying trigonometric formulae.
4 2

Hence [ secxdx =In | secx+tanx | +c
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BY APPLYING ABOVE FORMULA WE OBTAIN FOLLOWING

1.

1
J cos(ax + b) dx = asin(ax +b)+c

Proof : - cos(ax + b)dx
Put ax+b=6

Differentiate both sites w.r.t x.

_do
_dx
=> adx = df => dx = °©

a

o [ cos(ax + b) dx = [ cosf x %

a

=" [ cos0do = > sing + ¢

a a

dsin(ax+ b) + ¢
a

Similarly we can get the following results.

2.

1
[ sin(ax + b)dx = — Ecos(ax +b)+c

1
3. [ sec2(ax + b)dx = —tan(ax + b) + ¢
a

1
4. | [cosecz(ax + b)dx = — —cot(ax + b)
a

1
S. J sec(ax + b) tan(ax + b) dx = asec(ax +b)+c

. -1
6. J cosec(ax + b)cot(ax + b)dx = Fcosec (ax +b) + ¢

feax+bdx — leax+b +c
a
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8. | J —% = isin—l(ax +b)+c = —% cos~1(ax + b) + ¢
. dx 1 1
9' J m = Etan—l(ax + b) +c = —E COt_l(aX + b) +c
1 (ax + b)rt1
10. f(ax + b)rdx,n G -1 = ——-—

a

n+1

11. g dx _1 1 _.1 .
J iV e 2 ¢ (ax+b) +c —cosec (ax+b) +cC
12 [ amx+bdy = 1 gmxth
) m Ina

The above results of substitution may be used directly to solve different integration problem.
Example — 2 integrate the following

0)

f xsinx2dx

{ Letx2 = tthen 2x

Ans :-f xsinx?dx =;;x =>2xdx = dt}

-1
cost+c

= [ sint “=1 [ sintdt
2 2 2

Tcosxz+ ¢ (ans)
2

(i)  f(x—2)V(x2—4x+ 7)dx

f(x—2)V(x2—4x + 7)dx

AnNsS :-
Let x2—4x+7 =t2
Differentiate both sides w.r.t x

2x—4 = 2t
dx
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=> (2x — 4)dx = 2tdt
=> 2(x — 2)dx = 2tdt

=> (x — 2)dx = tdt
Now [(x—2)Vaz —4x + 7dx=  [Vertdt
3
_ _ edt= "+
[txtdt= | .

(x2—4x+7 2 e 1
=— ) +c (~t=Vx2—4x+7 = (x2—4x+7) /2).
3

(i) [ (3x + 5)7dx
Ans: [ (3x + 5)7dx
Put 3x+5 =t

Differentiate w.r.t x

d
3= =>3dx =dt =>dx = Ldt
dx 3
(Bx +5)dx= 1 t7dt=1x '8¢
3‘[ 3 8
8 8
_ 1 Gxt9)® G
3 8 24
(iv) x*+4x3  dx
fx§+5x4+7
. xt+4x3
Ans :- fmdx

Put x5+5xt+7=t¢t

Differentiate w.r.t x

5x4 + 20x3 = f
dx

=>  (5x4+ 20x3)dx = dt
=>  5(x4+4x3)dx =dt
=> (x* + 4x3)dx = a

5

1
x*+4x3 dx=1 dt= "In Itl +cC
fx5+5x4+7 5f t 5

= Elln|x5+5x4 +7+c
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(v) [ sin’x cosx dx
Ans :- [ sin’x cosx dx
Put sinx= 6
Differentiating both sides w.r.t x

de
COSX = _
dx

=> cosxdx = do

98
« [sin7xcosxdx = [67d0 = = +c

_ sin8x

+c

(vi) [ 2eten™ tanx sec?x dx

Ans :- [ 2etan’* tanx sectx dx
Put  tan2x =60

Differentiating both sides w.r.t x,

de
2 tanx.sec?x = __

dx

=> 2 tanx sec?xdx = df

2
o [ 2et™ tanx sec?2x dx = [e0dd = e +c

- etanzx +c
) 2
(i) [ X dx
) 2
Ans:- | @dx
Put lnx=t=>l=d_t=> di= dt
x dx x

3
: J'dezgj'tzdt= 3x L4c=(nx)3+c
x 3

viii) Evaluate | %dx (2017-S)
Ans:-| T dx (Lett=ex+e>x =>dt = (ex — e¥)dx
etre™

= % =1n|t| +c =ln|eX+e—x| +c
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ix) Integrate [_~_ 4z (2015-5)

Ans:-[_!

25dx (Let2-5x=t =>-5dx=dt =>dx=-%)

=-1ftat= -1t +c = -'In@-5%) +c.
5 t 5 5

x) Evaluate [ exsin exdx (2019-W)
Ans:-[ ersin exdx (Putex =t =>exdx =dt)

= [ sintdt = —cost + ¢ = —cose* + ¢

INTEGRATION OF SOME TRIGONOMETRIC FUNCTIONS

If the integrand is of the form sinmx cosnx ,sinmx sinnx or cosmx cosnx,a trigonometric
transformation will help to reduce.it to the sum of sines or cosines of multiple angles which can
be easily integrated.

sinmxcosnx =1 X 2sinmx cosnx

1
2

51 [sin(m + n) x + sin(m — n)x]

sinmx sinnx= 1[cos(m — n) x — cos(m + n)x]
2

Ccosmx cosnx= L[cos(m — n) x + cos(m + n)x]
2

Example — 3
i)Evaluate [ sin3x cos2x dx
Ans :- [ sin3x cos2x dx

=! [ sin(3x + 2x) + sin(3x — 2x) dx
2
= ! [(sin5x + sinx)dx
2
1, . 1, .
= _ [ sin5xdx + _ [ sinxdx
2 2

1
= 1x _0155’5 + E(—cosx) +C

= icogsx_lcosx+c
10 2

= =1 (cos5x — 5cosx) + ¢
10
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ii)Evaluate [ sin2x sinx dx
Ans :- [ sin2x sinx dx
= L [ cos(2x — x) — cos(2x + x)dx
2
= L [(cosx — cos3x)dx
2
1 1
= _J cosxdx — _[ cos3xdx
2 2
sin3x

. 1
= Ix sinx — _X +c
2 2 3

. 1. . .
= 1sinx — _sin3x + c¢= 1(3sinx — sin3x) + ¢
2 6 6

iii)Evaluate [ cos4x cos3x dx
Ans :- [ cos4x cos3x dx

=! [(cos(4x — 3x) + cos(4x + 3x)dx )
2
= ! [(cosx + cos7x)dx
2

= L[ cosxdx + [ cos7x
2 2

. 1 sin7x
= Isinx + _ X
2 2 7

+c

. 1,
= lsinx + _sin7x + ¢
2 14

= 1 (sin7x + 7sinx) + ¢
14
iv)Evaluate [ sin2xdx

Ans :- [ sin2xdx

1—cos2x —
= J( dx (w-sinzx = %)

= if(l — cos2x)dx
2

= L fdx =1 cos2xdx
2 2

= l)(x—lx
2 iian

+c

xS o= 1_(2x — sin2x) + ¢
2 4 4
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v)Evaluate [ cos3x dx
= [ cos3x dx

cos3x+3cosx
J——)dx

4

3x+3
(+ coS3X = 4cos3x — 3cosx => 4cos3x = cos3x + 3cosx=>cos3x = 0
4

= L [(cos3x + 3cosx)dx
4

= ! [ cos3xdx + > [ cosxdx
4 4

, 3 .
= Lo sindx 47 x sinx + ¢

4 3 4

sin3x 3sinx
= + 2+
12 4

= 1 (sin3x + 9sinx) + ¢
12

vi)Evaluate [ cosSxdx
Ans :- [ cosSxdx

= [ cos#x. cosxdx=[(cos?x)2cosxdx

J(1 — sin2x)2cosxdx

{Put sinx=6 => Cosx=jl—9 =>df = cosxdx}
X

= [(1-62)2d6 = [(1— 202+ 64)do
=[d6—2[62d0 + [ 6+

3 5
= 9—2><6_+9_+c
3 5

= sinx — %31 3x + %Sinsx +c
vii)Evaluate [ sin*x cos3x dx
Ans :- [ sin*x cos3x dx
= [ sin*x cos?x cosx dx

[ sintx (1 — sin2x)cosxdx

{ Putsinx =6 => cosx =di =>df = cosxdx}
X
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=[ 041 — 62)do

=[(64 — 66)d6 = [ 64d6 — [ 65d6

5 97

b - _+4c
5

= lsinSy _1lsin7yx 4+ ¢
5 7

3
viii) Evaluate [=-=d

i cos3x
ANs :- f mdx
zx
= IL cosx dx
sin%

(1—sin%x)

cosxdx

J

Put sinx = 8 => cosxdx = db

sintx

=f1—92 dg = f(g—a, — 6-2) do

94
63 o1
= — —+c¢
) -1
_ 11 1 1
363 + 0 tc= sinx  3sin3x

1
= cosec x — _cosec3x + ¢
3

INTEGRATION BY TRIGONOMETRIC SUBSTITUTION

TRIGONOMETRIC INDENTITIES
1-sin260 =cos260(or 1 — cos?6 = sin26)
tan?0 + 1 = sec20 (also cot?60 + 1 = cosec?0)
sec?0 — 1 = tan?0 (also cosec?6 — 1 = cot?6)

> the integrand of the form Va2 — x2,Vx? + a2, Vx? — a2 can be simplified by putting

X=asino
X=atané
X=a sech
X=a cosf
X=a coté
X=a cosec 6
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Note
1.The integrand of the form a’- x* can be simplify by putting x= a sin 6 (or x = a cos 6)
2. The integrand of the form x?+a? can be simplify by putting x= a tan 6 (or x = a cot 6)

3.The integrand of the form x? - a? can be simplify by putting x= a se 8 (or x = a cosec 6)

Example -4
i) Integrate [~
a2—x2
Ans :- [_%
VaZ—x%
Let x=a sin 6

Differentiate both sites w.r.t x
dx=acosodé

And x =asing=>0 = sin—12

a

Hence | t \cosodo =V dg= [do = 0+c= sin1 +c
VaZ—x? vaZ=aZsin?6 a cos@ a

ii)Integrate [ dx

x?+a?
Ans :- | xzd-:az
Letx = atané
diffentiating both sides w.r.t x,
dx = asect0do
And x = tan6 => 6= tan—lf

Q

f dx faseczede
Hence x2+a2 "~ Y a’tan?+a?
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f asec20de
B az(tan79+ 1)

— sec’6 do
f a sec?@
='fdo="6 +c="tan1"+¢
a a a a
I dx 1t 1x_l_
——— = —tan-1—+c¢
x2 4+ a2 a a
d
i)  Integrate [ _
VxZ+a?
Ans - [_*
VxZ+a?

Let x = atanf
Diffentiating w.r.t x we have,

dx = asec?6d0

H f dx asec?6do asec?0do asec®9do
ence = = =
Vx2+a? Va2tan26+a?2 Va?(tan20+1) asect
= [ sec6do

In|secO + tanB| + ¢ ([ secxdx = In|secx + tanx| + ¢)

2

(x=atanf =>tand =~ =>sec?0 = tan20+1="+1 =>secf= V" ")
a a? a?

2 2

= ln|\/x_+'a— x+c
2 Tl

= 1m“ “+ 0+
a a

= ln|L[|+c

a

= ln|x+Vx2+a2—ln|a|+c

= In]x + Vx2 + a2| +k (-~ wherek = c- In|a| is a constant)

dx
Vx2 + a?

=In|x +Vx2 +a?| + k

f
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iv)Integrate [ _~*
xX“—a
Ans - [_*
Vi—a?

Let x =asecd => dx=asecOtanddod

dx
Now [_* _ [asecotanodo
Vx?—a? a’sec?6—a?

_ f asecOtanfdo
\/a7(se529—1)

asecOtan6

= ["7df = [sech db

atan@

In|sec + tanf| + ¢

_2—
1n|f+x/"_2— 1 +c
a

a

{Asx = asect =>secd =%, =>tand =vsec’d—T= V2 -1 %
a

2 _ 2
1n|f+\/’%|+c= In |x+V*"=a?| 4 ¢
a a a

In|x + Vx2 —a?| —In|a| + ¢

Injx +Vxz —a?| +k  (~ k =c —In|a| = constant)

Hence
J xdfa = In|x +Vx2 — a?| + k

dx

v)Integrate [ - (2016-S)
XVXxe—a
Let X = asec =>dx = asecOHtanf df and § = sec-1>
a
Now f dx — a secOtan6do

xVx2—a? asecOVa?sec’0—a?

_f asecOtan6 d6 _ asecOtanb d6
asecOVa?(sec?6—1) asecOVa’tan?6

— F asecOtanf dezj- asecOtanf do

asecO atanf a’secOtan®
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='fd0="0+c
a a

X
1sec-1" 4+ ¢

a

dx

X
— = —sec1l—+4c¢
xVx2 — aq? a a

vQIntegraU;fx;f;2
Ans:-f dx

2—a?

Letx = asecd =>dx=asecOdtand do

asecOtan6dé

Now [_—dx_ —
J x%2—a? J a’sec?0—a?

_ J a secB tanf d6
a?(sec?6-1)

_ J secOtan6d6

atan?6
__1fsec9 de —lfTD}S?dQ
a tan@ a Sind
cos@
=11 de
a fsine
1
=_ [ cosect do
a
= 1ln|cosecOd — cotB| + ¢
a
{Asx=asecd =>secd =" =>cosf = * => sinf = Vi=cos26 =V1- ()2=V" "
a x x x2
. V2=a? 0
=>sinf => cosect = and cotd =" = _* 1}
x xX“—a sinf x“—a
1ln| x a
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= _lln |L| +c
a Vx+avx—a
=1lnpP_"+c
a x+a
_ 1 x—a 1 n
T - Inl— Iz . =nlog, m
Jnl 2+ (~log, m 8a M)
X—a
=1ln|_+c
2a x+a
s dx 1 l X—a N
——=—1In c
x2 —a? 2a Ix+aI
.. 4
vii)Integrate d az—xxz
Ans :- J‘d_x
a2_x2
Letx = asin8 => dx = a cos6do
Now . dx _ J a cos6 do
J a2—x2  J a2—a?sin20
- a cosf db _ . cosOdo
Jaz(l—sinZQ) - JacosZB
1
1 Ltde = _ [ secdd
a v cosf a
. . 2 Pt
{As x = asinf => sinf = T => cos = VT=sm®@ = V1— = Vo=
a az a
1 in®
=> secl = —_4a =>tanf=""=_" 1}
cos@ a“—x cosf a“—x

= LUn|secl + tanb| + ¢
a

a X
lin| + |+ ¢
a vas—x vac—x

akx
In=l+c

In|—%__|+c¢
a va+xva—x

Il
QR

= _llnﬂ|+c

a va—Xx
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1

= 1ln at+x - . —

" —a_x|2+c (+ logm = nlogm)
= Lln|a+_xL+c

2a a—x
I dx 1 l a+x N

=—1In c
az —x2 2a Ia—x|

These 7 results deduced in Example-4 are sometimes used to find the integration of some other
functions. Some examples are given below.

Example-5 :-Integrate [~
V25—16x2
&
(As | z/ =/
—16x VZ5=16x \/_2_5—2
16(16—X) (Z) =

Ans:- [__ ¢

dx )

+ ¢ (using formulaf = sin Y c,herea=5/4)

as—Xx a

1 . X
= sin-1
Z 5
I

= lsin—141+ c
4 5
Example — 6: - Integrate f%dx
- ex
Ans :- fmdx

=f ex dx {letex=t =>exdx =dt}

1
Now ex  dx = d = tan-1'+ c

f(ex)2+32 ft2+32 3 3
d 1
{as [_© = "tan'"+c,herea=3}
x2+a? a a
eX
=1ltan1_+ ¢
3 3

Example - 7:- Integrate [ _**

xVx8—4

dx

Ans :- inlvi i 3
fxm ( multiplying numerator and denominator by 4x3 )

1 43 dx

4 f x*/xB—4

3 dt
I gx xt=t 4x3= _)
4 x* x84 dx
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1 4x3dx

4 f x4\/(x4)2—4
e L _1 1 -1t dx 1 _1x
;, herea=2)

- ~ X "sec - H T _ "
4ft\/t2_22 PR , + ¢ ( using formula fx«/xz—az = sec

x4
=_Jsectl )+
8 2

Example -8 ; -

Integrate [ 7
grate | ————dx

+5
Ans:-f T
Vx2+6x—7

=f x+5
x4+2.3.x+34=9-7

_ x+3+2

B fwx+3)7—16

_ t+2
= J JViZ—16 dt

{Let x+3=t =>dx=dt}

L=ft = (putting -16=z=> 2tdt=dz =>tdt=2)

_1 1 _ 2
;.2.22+c1=\/z+ et =¢ —16+ ¢

= V(X +3)2 =16 + Clevveerreerrerseennnes (2)

I,= 2/J

dt . dx -
— ( applying formula f—m = In|x + V2 — a?| + k , where a=4 )

=2n|t +Vtz2 — 16| + c2

=2In|(x +3) +V(x +3)2 = 16] + Co..ovvovvon (3)
From (1),(2) and (3) we have,

x+5
| e dx= i +1
= Vx+3)2—-16+c+2Injx+3+V(Exx+3)2—-16]+c

= Vx2+6x—74 2In|lx+3+Vx2+6x—7|+c (wherec +c; = cis a constant)
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dx
Example-9 : -Integrate -
p grate [ =7 (2016S)
Ans: - fd_x (putv%=t=>idx:dt :>d_x:2dt)
Vavx—a? 2vx Vx
2dt _ — . dx -
=f R = 21n(t+ a‘) +c¢ (App|y|ngfﬂ - 1n|x+\/x2—a2|+k)
=2In(Wx +Vx —a?) +c
Example-10: - Evaluate J == —
2x24x—1
Ans:- [ 2 _ —
_f2(x2+" i Zf Z+2x_+() =
. a 1 x—a
_1 dx 1 ( applying = In|_ |+4+¢)
=3 f(x+f)—zi ¥2f(x+ ARy, 322——612 Za xFa
4 16
4x+1-3
=ii ln| (x+‘b 4| +c= ln| | +c
224 (x+_)+_ #
=1l | P2 | +c=1n | * | +¢
3 4x+4 3 2x+2

3.INTEGRATION BY PARTS:-

If v& w are two differentiation function of x,then

4 (vw) = v Yt W
dx dx dx

d d d
or v¥'="ww)-w?

dx dx dx

Integrating both sites,

fv™ax= [ (ow)ydx — [w™dx

dx dx dx

= w- wPd
dx

Letu=2"thenw = [ udx
dx
Then the above result canbe written as [uv dx = ([ udx) v- [(f udx) x “dx.
dx

This rule is called integration by parts and is used to integrate the product of two
functions
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Integration of the product of two functions

= (integral of first function)x second function — integral of (integral of first X derivative of second)

Int.of product =(int.first)xsecond — [ (int. first)(der. second)dx.)

=>» Before applying integration by parts we have follow some important things which are
listed below.
1. In above formula there are two functions one is u and other one is v. The function ‘u’ is
called the 1% function where as ‘v’ is called as the 2" function.

2. The choice of 1% function is made basing on the order ETALI . The meaning of these
letters is given below.

E — Exponential function

T — Trigonometric function

A — Algebraic function

L — Logarithmic function

I —inverse trigonometric function

The following table-1 gives a proper choice of 1% and 2™ function in certain cases. Here
mcN, n may be zero or any positive integer.

Table-1
Function to be integrated first function second function
x"e* ex x"
xnsinx sinx x"
X"COSX cosx x"
xn(Inx)m x™ (Inx)m
xn sin—1 x x" sin—1x
xn cos—1 x x" cos—lx
xntan-1x x" tan-1x
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Example — 11
Integrate [ x cosx dx
Ans :- [ x cosx dx { from table-1, 1 function = cosx and 2™ function = x }

= {f(cosxdx)}x—f(fcosxdx)xz_x.dx

xsinx — [ sinx. 1. dx

= xsinx + cosx + ¢
Example — 12
Integrate [ x2exdx
Ans:-[ x2exdx  { 1® function = er and 2" function = x2 }
=(f exdx).x? — [([ exdx) Z_x(xz)dx
=x2e* — [ ex X 2xdx
= x2ex — 2 [ xexdx { again by parts is applied taking ex as 1% and x as 2" function.}

x2e* — 2[([ exdx).x — [([ exdx). 1. dx]

= x2ex —2xex+2ex+c= (x2—2x+2)er+c
Example =13
Integrate [ tan-1 xdx

Ans :- [tan-!xdx

{ There is no direct formula for tan-1 x and two functions are not multiplied with each other in
this integral. This type of integration can be solved by using integration by parts by writing
tan-1x as 1. tan-1 x where ‘1’ represent an algebraic function. }

=[1.tan"1xdx =([ 1dx).tan"1x — [([ 1.dx). Z_(tan—l x)dx

= xtan-l1x — J X. dx

1+x2

{ Let1+x2=t=> 2xdx =dt
Now | x. ! dx=1_fdi= 1_lnt+c= 1_ln(1+x2)+c}
1+x2 2 ¢t 2 2

= xtan-lx— éln(l +x2) + ¢
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Example -14
Integrate [ Inx dx  (2016-S)

Ans : - [Inx dx

= [ 1.Inx dx ( Taking 1 as 1* function and Inx as 2™ function)

= ([ 1.dx) Inx — [([ 1.dx) di(lnx) dx

= xlnx—fxé dx = xlnx — [dx
=xlnx—x+c = x(lInx—1)+¢
Example-15:-
Integrate [ (Inx)2dx
Ans :- [(Inx)2dx
=[ 1 X (Inx)2dx
=([ 1.dx). (Inx)2 — [(J 1.dx)d_i(lnx)2dx

=x(Inx)? — [ x. 2 dx.

P
=x(lnx)? — 2 [ 1 X Inxdx

=x(Inx)? — 2[x. Inx — [ x.L dx]

=x(Inx)? — 2xlnx + 2 [ dx

= x(Inx)? = 2xlnx +2x + ¢

=x[(Inx)2 — 2(Inx) + 2] + ¢
Example — 16 :-
Evaluate [ xtan-1x dx (2017-W, 2017-S)
Ans:-[ xtan—1x dx

= (J xdx)tan-1x — [([ x dx)di(tan—lx) dx

2

=x tan~x — x* 1 dx
2, f71+x2

= x tan~1x — x2+1-1 dx
_ - —
P Zf 1+x
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2
=x tanx —  (1-— ! ) dx
2 zf T
2 1
= x tan-lx — _(x —tan-x) + ¢
2 2
x2+1 1
= ( ) tan~ix— X+

Note: - When the Integrand is of the form ex{ f(x) + f(x)}, the integral is exf(x),which can be
verified by using integration by parts as given below.

[ exf(x)dx = exf(x) — [([J exdx) dajj,c(x)dx ( choosing ex as 1st function and f(x) as 2nd )

= of(x) — [ ef(x)dx + ¢
=>[ exf(x)dx + [ exf(x)dx = exf(x) + c
Hence [ ex{f(x) + f'()dx}dx = e*f(x) + ¢
Example-17: -

Integrate | (1 + xlnx)dx  (2017-S)
X
e _ e
Ans:- | 7(1 + xlnx)dx = | 7dx + [ ex(Inx)dx

= %dx * [ ex(Inx)dx ( Keeping 1% integral fixed we only simplify the 2™ one.)
= Cdx+ ( exdx)(Inx) — ( exdx) ¢ (Inx)dx
" J IJ =
(taking ex as 1st and Inx as 2nd function.)

= edx+ exlnx - e¢edx+c

X X

= exlnx + c.

In some cases, integrating by parts we get a multiple of the original integral on the right hand
side, which can be transferred and added to the given integral on the left hand side . After that
we can evaluate these integrals. Some examples of such integrals are given below.

Examplel8: -
Integrate [ Vx2 + azdx
Ans:-Let I = [Vx2 + azdx

=[Vx2 +a2x1dx
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(. doWeFaz - [(f 1.dx).di(\/ﬁ—-|-—a2).dx

1
xVxZFaz— [ x X
f 2\/}mxbcdx

XVXZ:F Z — X X *
Jrx o

x2+a2—a2

xx? + a2 — ) T dx

xa

x2+a?

2
o + a2 — | g dx+ [ g

dx
VxZ+a?

T @ - (Vi Fardx + a2 [

= x x2+a2—1+a21n|x+\/x2+a2|+c

=> 2I= xVx2+ a2 +a2ln|x +Vx2 + a?| + ¢

2
=> [ =_xvxzFaz 4+ Injx + VxrFaz| + ¢
2 2

2 .
[Vx2 4+ azdx = f\/xz + g2 _|_a7ln |x+\/x2 +a?l +c¢
2

Example — 19

Integrate [ sec20vVsec20 + 3 d6

Ans: -[ sec26Vsec?0 + 3 d6

[ sec26Vtan26 + 1 + 3 d6

[ sec20Vtan20 + 4 d6 { tanf = t => sec?0 df = dt}
= [Vt2+22dt  (From example-18, putting a =2)

2
=tVrrF 224+ - Injt + VT F 22 + ¢

I =
2 2

SV + 4+ tInjt + VI 4] 4 ¢

=%\/tan26 T4+ 2 In|tand + VEanZg F 4] + ¢
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Example-20: -
Integrate [Vxz —azdx  ( 2014-S)
Ans:- LetI = [Vx2 — a2dx

= [Vx2 —a? x 1dx
= (f1L.dovEer=a - [(J 1.dx).di(\/mdx

L 1
= xVxr—ar — [x X \/_XZxdx

2Vx2—qa?

_ x2
= xVx2 — a2 — fﬁdx
xz—a2+a2

= xVx2 — a2 — Jﬁdx

_— 2_ 2 2
=xlv =@ = ) pmmtn = [ d

r J4 dx
=xVxr—&?— [Ver—@Fdx—a? [ ____
x2_a2

=> I=xVx2—a2—1—a?ln|x + Vx2 —a?| + ¢
=> 2l = xVx2 —a2—a?In|x +Vx2 — a?| + ¢

2
=>I= = —"hlx+Vx=a+c

2 2

2
— _— X —— a N T
=> f‘\/xz_azdxz E\/.X'Z_(IZ_711’1'.’(“" xz—a2|+C

Example — 21
Integrate [ Va2 — x2 dx

Ans - letI = [+vaz-x2dx

[Vaz — x2 x 1dx
(J 1.dovar== — [(J 1.dx).d_d(\/m——x2)dx

_F 1
=xvat—x _fx-zr_az_xz(—Zx)dx
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_ —Xz
= /ot =32 = | =

2
Z_x2—q
= xvaz —x2 — J= \/—2—2
2
= wa2—x— gy g2 dx
f\/az—xz f\/az—xz

= xwaz=x — [VaZ=x7dx + azsin1+ ¢
a

=> 1= xWaZ=x2—1+ a?sin-1"+¢
a

=> = xWaZ—x* + a?sin1l +c
2

=>1 = xVaz==r+ Lsin1” +c
2 2

- a’ X
Va2 —x2dx = —\/az—x2 +—sin-1—+¢
2 2 a

Example — 22

Evaluate [ axVaz — 9 dx
Ans:-[ ax/az — 9 dx { Put ax =t => a*lna dx = tdt.}

2
(Ve —3dr  {As V@ —@dy=VT g - —Inlx + V=@ +c}

lna

g_\/“z_'{f F njt + VEE=37|] + ¢
= sV -9 -2t + V9| + ¢

- L V@I nl(ax+ V@Il +

Ina

=L[a_x a2x —9_21ln + 2x—9|+C
lna "2 (ax
Example-23: -
Integrate[ V2x2 + 3x + 4 dx

Ans: -[V2x2 + 3x + 4 dx

=vV2[Vxz+lx+2dx
2
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VZ[Vxe 2 x4+ (D2 - ()2 +2 dx

= V2 Vx+)2—_ +2dx
4 16

— 3)2 23 3= = =
_\/Ef\/(,H.Z) + de (putx+Z t =>dx=dt)

= \/Zf\/tZ + (‘/—2332 dt ( applying result obtained in example-18 )
4
=\/2—[E\/t2+( )2+ 1n|t+‘/t2+(_)|]+c

3 -

o —————— » 53
= W+ 4B+ a6njx+ 3+ V(x+ 32+ Z ]+ ¢
\/2[2_ ( 4-) +16 2 | 4 ( 4) 16|]

—\/‘2[4x+3\/2+3x+2+ “Inlx+ 4V + ox+2|]+
32 4 2

= VT F3x T4+ 2

Injx+2+ V¥ + x+2|+c (Ans)
8 32 4 2

Example-24: -
Integrate [ eexsinbx dx
Ans :-  LetI = [e sinbx dx

. d
= (J exx dx) sinbx — [(J e dx) x — (sinbx) x dx

ax ) eax
=e sinbx — |
a

X cosbx X b dx

_eYsinbx _ b e**cosbhx dx

« o

d
=ea"sinbx_ b [( eaxdx)cosbx - ( e dx) X (CObe)dx]
a a f dx
. ax
_esinbx b (€™ o cpy J-e_x (—sinbx) x b dx]
a a a a
_ eYsinbx _ b [eaxCObe + b [ eaxsinbxdx]
a a a a

e%sinbx b b? .
= —  ecosbx — e sinbx dx

a az

a
Xsinbx b b2
I=c¢ — _ewcosbx— _I+c
a aZ a2




b
=> |4+ I= —__ewcosbx + ¢
a? a a?

a?+b? ax sinbx b

( 22 M=1¢e * B —;cosbx++C

=> a’+h? ax asinbx—bcosbx
— —
( r Y= e 2 ++c
ax
=> I = ﬁ [a sinbx — b cosbx] + ¢

ax

[ eax sinbxdx = (a sinbx — bcosbx) + ¢

a? + b2

Example-25
Integrate [ e cosbx dx

Ans:- By adopting the same technique as we have done in example-24 We get

ax

[ eaxcosbxdx = (a cosbx + b sinbx) + ¢

a? + b2

Example-26 : - Evaluate [ e?r sin3x dx (2017-S)
Ans:-[ e?* sin3x dx

( Proceeding in the same manner as we have done in example-24 with a=2 and b= 3)

2x
=ﬁ [2 sin3x — 3cos3x] + ¢

2x
=_¢_[2sin3x — 3cos3x] + ¢
449

2x
= ¢ [2sin3x — 3cos3x]+c (Ans)
13

Example-26 : - Evaluate [ e3x cos2x dx (2016-S)

Ans:- [ e3* cos2x dx ( Putting a=3 and b=2 in the result obtained by Example-25)

e3x

=277 [3cos2x + 2sin2x] + ¢( Note- In exam you have to proceed as example-24)

3x

=_c_[3cos2x + 2sin2x] + ¢

3x

= ¢ [3cos2x + 2sin2x] + ¢ (Ans)
13
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Exercise

1.Evaluate the following Integrals (2 marks questions)
. 1
i) | —dx
) fx&
. P
i) [(x7+—)dx
x/3

1—sin3x
III) f mdx

coS2x

iv) f

sin2xcos?x

v) [ V1 + sin2xdx

e +1

vi) f dx

vii) [ ezinxdx

x2

vii) [(V1 —x2 + ) dx

1 — x2
o 4VxE—1
ix) [———dx
x3xz —1

1— cos2x

—d
x) fl + cos2x x

xi) [—2

1+sinx

Xii) [(xetex + e€)dx
Xiii) [(x2 +v/x)2dx
2.Evaluate the following (2 marks questions)

x2dx
(1 + x3)2

D J

ii) [ sec? (3x + 5)dx

(tan—1x)3
i) S
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-
iv) f sectyx dx

X

v) [ tan3xsecx dx

vi) [V1 — sinx cosxdx
vii) fx\/xz + 3 dx

d
viii) [ 2 (2017-w)
2—3x
xdx
ix) [ ————
—\;xz — aZ
ex
x) f(—e" —2y dx
3
xi) [e* x%dx
xii) [ ecos *sin2x dx

xiii) [ 2x cot(x2 + 3) dx

xiv) [ extanexdx

e*+e™*
XU) fmdx

xvi) [ 3rezxdx

sinx
—dx
sin(x+a)

xvii) [

tanx + tana
xviii) [ ———— dx
tanx — tana

xix) [ sec3x .tanx dx

etan

xx) [

X
1+x2

xxi) [ sin20x cos3x dx

(2016-S)
(2014-S)

(2017-W)
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Question with long answers (5 and 10 marks )
(10 marks questions are indicated in right side of the question.)

3. Evaluate the following:-

i) [ sindx cos3x dx

ii) [ cos5x cos2x dx
iii) [ sin6x sin3x
iv) [ sin 3x—4€os xdéx

v) [ cos2x a5 X dx
2

vi) [ sinsx dx (10 marks)
vii) [ cos7x dx (10 marks)
viii) [ sinéx dx (10 marks)

ix) [ cossx sin3x dx

sin3x

x) J

cos®x

xi) [ sintx.cosx dx
xii) [ tans 6.sec*6 dé

xiii) [ tans6 dé

sindx — sin2x

xiv) [ ———— dx

CoSXx

4. Integrate the following :-

dx
D [ ——
V11 — 4x2
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e3x
i) [——dx
V4 — ebx
dx

i) f¥——
xV25 — (Inx)2

cosf

iv) f — déf
V4 — sin26
cos@do
V) ) —
V4sin20 + 1
dx
vi) [ ————
5—x2—4x
x+3
vii)f—dx
5—x2—14x
dx
viii
) f 3x2+7
e4-x

ix) fe—gx n 4dx

secl tan6
sec?6 + 4

0 J

)
xi) fx—zo n 4dx

N f dx
D ) et 13
dx
xiii) [——
Vet — 5
dx
xiv) [
xlnxV(Ilnx)? — 4
dx
xv) [——
V4x2 — 6
dx
xvi) [———
Vx2 + 8x
x+7
xvii) [——dx

Vx2 + 8x
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1 dx (2014-S)

xviil)
J 4cosx+9sin2x

xiv) 14 2015-S
x\/(logx)2—8 x ( ) )

dx
V25-9x2

i dx
xxi) 7 — 6x — x?

xx) [ (2015-S)

5. Evaluate the following

0] (1 + x)exdx

(ii) [ x3exdx

(i)  [xsinxdx

(iv) [ x?sinax dx

(v) [ xcosxdx

(vi) [ 2x cos3x cos2x dx (10 marks)
(vii) [ 2x3cosx2dx

(vii) [ x7lnx dx

(ix)  [(Inx)3dx

) [isdx

(xi) [seclxdx

(xii)  [xsin-lxdx

(xiii) [ excos?xdx (10 marks)
(xiv) [ e?cos5xdx

(xv) | V7x2+ 2dx

(xvi) f e*(tanx + Insecx)dx

i) =" Jdx

Inx (Inx)?

(xviii) [ sin(lnx) dx

. xeX
xix) [ a7 X

(xx)  [Vxz—8dx

(xxi) [ V9 — x2dx

(xxii) [ e?rsinx dx (2016-S, 2017-W)
(xxiii) [ exsinx dx (2019-W)
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Answer
1)i) = ‘r+c i) ﬁxl%+ §x23+c iii) — cotx + cosx + ¢
iv)—cotx —tanx +Cc V) sinx- cosx +cC Vi) ex —ex+c
3
vii) * +c¢ viii) sin-1x + ¢ iX) sec~1x — i+ c
3 2X2
. . e+1
X) tanx —x +c Xi) tanx — secx + ¢ Xii)x_+ex+ ex+c
e+1
ey X0 4 7 %2
Y 4+
xiii) +7x t—+c
2) i) L _+c ii) 1tan(3x +5) + ¢ i) Can » "4 ¢
3(1+x3) 3 4
_ tan*x . 2 3/
iv) 2tanvx + ¢ V) +c Vi) — (1= sinx) “24¢

3 .
vii) é(xz +3)2+4¢ viii) — élog(Z -3x)+c iX) VX2 — g2 + ¢

1 . .
X) — +c Xi) 1 e’ + ¢ Xii) - ecos’* 4 ¢
ex—2 3
xii) In| sin(x2 +3) | + ¢ xiv) In| secex | +¢ xV) In(ex —e—x) + ¢
A x62x . . .
Xvi)3___+cC XVii) xcosa — sina In | sin(x + @) | +c
2+In3
3
xviii) xcos2a + sin2a In | sin(x — a) | +c Xix) sec * + ¢
3
_ 21 223
XX) etan X 4 ¢ xxiysin * — " F 4 ¢
21 23

i) Lsin7x+ Llsin3x + ¢ i) Lsin3x — Lsin9x + ¢
6 6 18

3) i)=Lcos7x — Lcosx + ¢
14 2 14

- _ X . . 3x ..
IV)=2cos2x —2cos— ¢ v)lsdr Sx+1ldt =4 vii)-cosx +2@ 3x— 1@ sx+ ¢
574 4 50 2 3 2 3 5

: : 3. 1. 1 . . ,
vii)sinx — sinsx + Zsin s« — sin w + ¢ vjij) — (60x — 45sin2x + 9sin4x — sin6x) + ¢
7 192

1 1 1 1
ix)r 8 1 ° oL N\ — . - sin8x) +
gC0S x—2C0S x+¢ X) ;S€C x— ,Sec x+¢ Xi) 1,5 Bx — sindx + g S x)+c¢
xii) %tan69+ étangg +c xiii) itan‘*e— %tanze +In|seco| + ¢

. 2
Xiv) 4cosx —Zcos3x + ¢
3
. . 2 " . 3x I l
4) i)isin-1 24 ¢ i)1sin1e_+c¢ iii) sin-1 X+ ¢
2 V11 3 2 5
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o\ . _qsing . N .
iv) sin 1EmT) +c V) %ln|sm9 + /sinz0 + i | +c Vi) a —1";—24- c
3x . 4x
vii) sin 1 S —V5=xz=4x + ¢ Viii)_Ltan-1 V" +c ix) Ltan-t (£) + ¢
3 V21 N7 8 ( 2 )
X) 1tan-1 seco 11 a0 1 _1x+3
- (—)+c Xi)—tan (—)+c Xi)-tan —+c
2 2 20 2 2 2

Xiii) \1/_sec 1e )+ c xiVex 1) +c  xv)lin|2x+VExZ=6]| +c
5 2 2 2

Xvi)ln|x+4+\/x2+8x| +c Xvii)\/xz+8x+3ln|x+4+Vx2+8x| +c

3tanx

XVIII) 1 tan—l(_)+c XixX) log | logx + V{logx)7—8 | +c

XX) lsin—lgi+ o xxi) 11n | T | +¢
3 5 8 1-x

5) i) xex +¢ i) ex(x3 —3x2+ 6x —6) +c ii)sinx — xcosx + ¢

iv)%[(z — a2x?)cosax + 2axsinax] + ¢ V) 1(2x2 + 2xsin2x + cos2x) + ¢
a 8

. 1 . . .
Vi) cosx + 52 cos5x + x (sinx + ésme) +c  vii) x2sinx? + cosx? + ¢

Viii)x_8(8lnx -1 iX) x[(Inx)? — 3(Inx)? + 6lnx — 6] + ¢
64

1

T (1 +4lnx) +c Xi) xsec—lx—ln|x+\/x2 - 1| +c

Xii) (x_ - i) sin—1x + 1_x\/1—_x2'+ c Xiiii)e_x(S + cos2x + 2sin2x) + ¢

xiv) & (20055x + 5sin5x) + ¢ Xxv) \/77?—-|——2‘+ _1 |\/7“x + \/WTZ‘I +c
29 V7
xvi) ex In(secx) + ¢ XVII) + c Xviii)Ex [sin(lnx) — cos(Inx)] + ¢
1+c XX) s\XZ=8 —4ln|x+ V=8| +¢
x+

Xxi) xvVo==x7 + Osin1 + ¢ XXii) ¢ 5 (251nx — cosx) + ¢ Xxiii) _(smx —cosx) + ¢
2 2 3 5 2
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DEFINITE INTEGRAL
Introduction
It was stated earlier that integral can be considered as process of summation.
In such case the integral is called definite integral.

Objective

After completion of the topic you will be able to
1. Define and interpret geometrically the definite integral as a limit of sum.
2. State fundamental theorem of integral calculus.
3. State properties of definite integral.
4. Find the definite integral of some functions using properties.
5. Apply definite integral to find the area under a curve

Expected Background knowledge

1. Functional value of a function at a point.
2. Integration.

Definite Integral

Integration can be considered as a process of summation. In this case the integral is
called as definite integrals.

a=Xp Vi X3 V2 Xz Xoy Vo X,=b

Fig-1
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Definition:-

Let f(x) be a continuous function in [a,b] as shown in Fig-1 . Divide [a,b] into n sub-intervals
of Iength hl, hz, .............. hni.e. h]_ = X1 —Xop, h2=X2 = XL g e ’ hn = Xn — Xp-1

Let v, be any point in [X.1, X] i.e. v1 € [x0x1], V2 € [x1,X2]) covvvrviriineinn. ; Un € [Xn—1%n]

Then the sum of area of the rectangles (as shown in fig) when n>« is defined as the

definite integral of f(x) from a to b, denoted by f’ F(x)dx
Here, a = lowerlimitofintegration
b = upperlimitofintegration
Mathematically,

12 fe0)dx = lim[h 6V )+ h £V +. + hof(V)]

Fundamental Theorem of Integral Calculus

If f(x) is a continuous function in [a,b] and [ f(x)dx = @ (x) + ¢, them

2 f(x)dx = © (b) - ® (a)

Note :- No arbitrary constants are used in definite integral.

Example:
1.Find [} x3 dx
Ans.

4
First find | x*dx = Lt
Here, f(x) = x* , ® (X) =x.
4
By fundamental theorem

[lx3dx = (2)-® (1)

2t 1* 16 _1 _ 15
T4 4 T 4 4T 4
. 1
2.Find [~ _ax_
0 1+4x2
Ans.
fl dx =[tan—1x]1
0 1+4x2 0
=tan-!1 -tan-10
=n-0= =

4 4
3. Find L3 2xex dx
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Ans.
f23 2xex” dx
{Let x2 = u => 2xdx = du, when x = 2, u = x2 =4,
Whenx =3, u=x2=09,
So, lower limit changes to 4 and upper limit changes to 9}
= L‘Q erdu
= [ev]] = e% - e* (Ans)

Properties of Definite Integral

1.7 Fdx = [P F(o)dt

Explanation

5 Definite igntegral is igdependent of variable.
e.g. [“x%dx = [Tutdu = [~ t2dt
2 2 2

2. [ F)dx = - fb“ F(x)dx

Explanation

If Iimigs of deﬁnitze integrals are interchanged then the value changes to its negative.
e.g. [“xdx =- [“xdx
2 3

3. [P F0dx = [ F)dx + [* F(x)dx where, a<c<b.

Explanation

If we integrate f(x) in [a,b] and c € [a,b] such that a<c<b, then the above integral is same if
we integrate f(x) in [a,c] and [c,b] and then add them.

e.g. [Cxdx = [*xdx + [*xdx
2 2 4

verification:
6 xdx = [x ]6
I 3’ IV
_6 22 = 30-4=182=16 -----momeee (1)
ixde + bt = )] =[F =1+ =]
2 /s 72 ¢ 3.7 7 2
=[16—-"]+[36— ] =(8-2) +(18-8)
2 2 2

From (1) and (2) we have,

f6xdx= f4xdx+ f6x2k (verified)
2 2 4
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4. [* fedx = [ f(a — x)dx
0 0
e.g. [Esinxdx = [#sin(T — x) dx
0 o 2

verification

[Esinxdx = [- cos x]#
0 0
= - [cosz—

2

fofsin( g —x) dx = L_Z cos xdx

cos0]=-[0-1] =1

=[sinx]7z2 =sinz-sin0=1-0 =1
0

From (1) and (2) i

SN

fogsinxdx = ) Zsin (g—x)dc (verified)

5.(i) If f(x) is an even function, then

[2 fO0dx =2 [ F(x)dx

(i) If f(x) is an odd function, then

[E fdx =0

(1)

(2)

Example: - By this formula without integration we can find the integral for

f(x) is an odd function if

f(-x)=-f(x)

Sinx , X ,x3 ... are examples of odd functions.

f(x) is an even function if

f (-x) = f(x)

Cosx, x2, x* ......... are examples of even functions .

Example:-

2
J yxrdx =2 Lz x2dx

{f(x) = x2is an even function as, f(-x) = (-x)* = x2.. So, f(—x) = f(x)}

Similarly,
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yis

[2zsinxdx =0
2

Reason
f(x) = sinx => f(-x) = sin (-x) = -sinx
So, f(-x) = -f(x)
= f(x) is an odd function.

6.0) [f00dx=2 [ fC0dx it f2a-x) =1()
(if) [ F6dx = 0 if f(2a - x) = -f(x).

7.fbf(x)dx= fbf(a+ b — x)dx

Problems

QL.Find [’ Jx|dx
Ans.
—x, x <0
x, x=0
|x| changes its definition at ‘0, so divide the integral into two parts (-2,0) and (0,1).

x| =

Now, [ |xldx

= 1% Ixldx + ["|x|dx{Property (3) J” f(x)dx = [ £(x) dx + [* F(x)dx}
-2 0 a a c

1 . _
= f—ozz_de + foxdx{when, -2<x<0ie x<0then, |x| =-x}

=-[x]0 +[x]{when, 0 < x < li.e. 0 < xthen, |x| =x}
2 —2 2 0

02 (—22) 12 0

= - +E-2)

2 2 2 2
=-[0-4]+[2—-0]=2+1=3
2 2 2 2
6 —
Q2.f% |x+2|dx=?
Ans.
[l + 21 dx = [° Juldu {Letu=x+2=>du=dx, when,x=-6u=-6+2=-4}

{when,x=6,u=6+2=_8}
8
= [o,lul du + [ uldu{property (3)}

8
= [o,~udu + [ ul { when -4<u<0 then Iul = -u and when 0<u<8 ,then Iul = u}

=_[i]0 +[i]8
2 —4 2 0
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=-1[u2]04+1[u2 O=-1i02_( 4) 1+ 1[82— 0]
2 - 2 2

=-1(-16) +1(64)
2 2
=8+32 = 40(Ans)
Q3. Find J,'[x]dx
Ans.
[x] is a function which changes it value at every integral point. So, we have to break the
range into dlf'ferent mtegral rangesi.e. (1,3) can be breaked into (1,2) and (2,3)
f [x]dx = f ldx + f ldx {applying property (3) i.e. f Fx)dx = [€ f(x)dx + f F(x)dx}
1
= f ldx + [ 2dx{when 1<x<2then[x]=1, when 2<Xx<3, then [X] = }
= [x]]l2 + [2x];2
=2-1)+23@B-2)=1+(2X1) =1+2 =3
3

Q4. Evaluate [2[2x]dx
Ans.

[A2x]dx = [u] ™
(0] 2

0
{Putu = 2x, du = 2dx = >dx—duwhen x—O,u=2x=0whenx=3_,u=2x=3}
2

:1” du+f du+f
% 2 3 A

2[l uli +2ul;1=5[0+2-1)+2(3-2)]
0+1+2] —3(Ans)

Q5. Find f_1{|x| + [x] } dx
Ans.
J° (xl+ e = fxldx+ [ |
=[° |x|dx+f|x|dx+f dx+f
—f —xdx+f xdx+f 1( 1)dx+f de{Bydef“of|x|&[ 13
2 0

[_] 1+ [Fo-[x]-1+0
—(02 (1)2)+1(12—0) (0-C1)

= 5(1)+ 1-()

1
=—+—1=0A
-+ 5 (Ans)

Q6. Evaluate [? J Ve dx {20168, 2017-W)

Ans.
In this type of problems we generally use property (4). And this type of problem can be
solved by following technique.

Let [ = [2__ Vsinx  dx-------mmmmmmmmmmmmne 1
fO Vsinx+ cosx @




177

Vsin(3—x)
51n2x dX

Ol

\/Sin(zn—x)+ \/cos(zn—x)
{In above x is replaced by %— x. As by property(4) there is no change in integral value}

T

Vcosx
Z dx
0 \/cosx+ Vsinx

Vosx
= = 2  dxeeemmmmmme e
>1= 0 Vsinx+ vcosx dx (2)
Now equation (1) +(2)\/ y
S I+1=[2 ™ gx+ [2__V°% 4k
O Vsinx+ Vcosx 0 sinx+ cosx
~Vsinmx+ rosx
= 2l =2 dx
0 Vsinx+ Vcosx

=2 21= [fdx = [x]?
0 0

2 2l=(m-0)=m7
Z Z
= 1_%

Hence, f _
0 Vsinx+ Vcosx 4

Vstnx dx_n

Q7. Evaluate [ log(1 + tan6)d6{2016-S}
Ans.
Let I = Elog(l + tan6)do

= f’*log 1+ tan(” 6)) d6 {As f flx)dx = f f(a — x)dx}

tané

tanir—
= [ilog (1 + ) d6

0 1+t0m4 tané

1— tan6 )
1+ tané

= J{log (1 +

1+tanf+1—tanb
= JO_ log( 1+ tanf ) do

= f “log(__"_)de
1+tan6
= foz(log2 —log(1 + tan))do {log (%) = loga - log b}
= [*log2 df - [*log(1 + tan®) d
0 0
= 1= [*log2 df - [*log(1 + tand) db
0 0

> I=log2 [+d6 -1 {As1= [*log(1 + tand)}
0 0
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77.'

s
3} =log 0], =log2 (-0
ZOgE §2(;;—0)

21

4 3 38

=§log2

Hence, [#log(1 + tanf) d6 = glogz (Ans)

Q8. Evaluate ['_* gx

0 x+1
Ans.
1 x 1x+1-1
fO x+1 - fO xt1 dx
=" 1 x+1 1
fo (x+1 1 x+1)dx
—f (1-_dx
x+1
= [ -In (x+1)]}
=[(1-1In(141)) - (0-In(0+1))]
=1-In2-0+1In1
=1-In2-0+4+0
-In2
Qo.f" dx
0 eX4 e *
Ans. . L
fl dx = dx :f dx
O eX4 = 0 ex+i 0 ex.e;‘+1
1 e*dx 18 dx
fp eXE+1y f e2*+1
ot
{ Lett=-ex, =>dt=exdx
when,x=0,t=ex=e°=1
whenx=1,t=el=¢e}
=[°_a = [tan-1t]e
1241 1
=tan-le - tan 11
=tan-1€ -- (Ans)
Q10. f _dx =7
xVx —1
Ans
f\/h dx = [sec 1x]VZ
xx2—1 1
= sec-1v/2-sec11
= _-0
4
% (Ans)
Q11.Find [*

0 x++/x
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Ans.

4 1 dx
0 x+vx

Letvx=t, Then,__ gy — gt
2Vx

o dx=2Vxdt=2tdt
Whenx=0,t=v/x=v/0=0
Whenx=4,t=4=2

Now,
4 1 2 2tdt
fO x+\/" f 0 2+t
2
= 2f _tdt = 2f 1n(1+t)]
0 t(1+t) 0 1+t)

= 2(In3-1In1) =2(n3-0)=2In3 (Ans)

Q12. Evaluatejg3 ' dx

0 1+cotx
Ans.
fgﬂf—;tfdx = fgﬂmtlfz—x) dx {Property 4}
2
= |2 1 dx
0 1+tanx
z
fo 1+ cotx dx
f Cotx
cotx
cotx
=] dx
0 1+cotx
gcotx+1—1dx
0 1+cotx
— (%(1 —
J ( 1+cotx) X
= f% dx - f L
0 1+cotx
Letl = JT dx
0 1+cotx
Then from (1)
I=[zdx-1
= 20=f2dx= [x]= (-0) = "
0 O 2 2
s
= | =2
Hence, [Z_ ' dx =r(Ans)
0 1+cotx 4

Q13. Prove that [Flog(sinx)dx = [#log(cosx)dx = -Tlog2
0 0 2

{ 2018-S}
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Ans.
LetI= jo%log(sinx)dx --------------------- (D
= [F1og(sin(Z — ) (¢ feodx = [*f(a - 0dx )
= foglog(cosx)dx -------------------- (2)

Add (1) and (2)
[+1 = fZlog(sinx)dx + [2log(cosx)dx
= [Z{log(sinx) + log(cosx)}dx
= qulog(sinx. cosx)dx {loga + log b = log ab}
2sinx.cosx
= JFlog(———)dx

i sin2x
= |7
JZlog(

)dx
= J2(logsin2x —log 2)dx

2

21 = [zlogsin2xd - [2log2d  -----eoemoeneenee- 3)
T T
Now, fOZ log sin2x & {Put t = 2x we have dt = 2dx whenx=0,t = 0 whenx = > t=m}
= ["logsint *
107'[ 2
=_["log { Here f(t) = log sin(t), Then f(m — t) = log sin(r — t) = log sin(t) = f(t)}
sintdt
20

=1x2 ff]og(sint)dt {By property-6 i.e.fozaf(x)dx = Zf;f(x)dx ,Where f(2a-x) = f(x)}
2

= [%log(sint)dt { We have [Mog sintdt = 2 [*log(sint)dt }
0 0 0

= fglog(sinx)dx {Property (1) fbf(x)dx = fbf(t)dt}

=1 (from (1))
2 I= foglog Sin2xdx -------semmmmmnnnees 4)
From (3) and (4)
= 21=I-f0§log2dx

T

= 2[=1I-log2[x]3
= 1=-log2 (% 0)

Hence, fflog(sinx)dx = [Flog cosx dx
0

=- g log2 (Proved)

Exercise
Evaluate the integrals ( 2 marks and 5 marks questions)
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(Questions with 2 marks is marked on right of the questions)
R
2) Jgsinx+cosx

3 2z 1 gy
) J0 1+tanx
1log(1+x)
4) f(zl D dx
5) -
0 VxZ+2x+3
6) f xdx
0 1+sinx

dx (2015-S)

dx

7) qulog(tanx)dx (2017-S) (2014-S)
~ dx

8) St

9) J2 sin2x log(tanx) dx

10) f xsinx_ dlx

0 1+4cos?x

sinx

J — | -
Josinx+cosx x (2017 W)

12) [ [x]dx (2018-S) (2marks)
13)  ['_dx dx (2016-S)(2017-S)

01\/1—x
14) [ _dx_dx (2marks)
0 1+x2
15) (2017-W)
[PIx]dx
ANSWERS
1.5-/3 - V2
2.
4
3.z
4
4.%Iog 2 {Hints Put x = tan6}
5.lo 5+3v3
9 1v3)
6. @
7.0
8.1
9.0

10.= q1, = 12. -1
13.42= 14.4; 15. 3

Area under plane curve
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In our previous study we know that the definite integral represents the area under the
curve.

Area enclosed by curve and X- axis

Area enclosed by a curve y = f(x) , X-axis , x = a and x =b is given by

-
X? 0
Y’
Fig-2
Area = f: f(x)dx
Example -1

Find the area bounded y = ex , X-axisx =4 and x = 2
Ans.
Here y = ex is the curve

Area of the curve bounded by X-axis , x =4andx = 2 is

Area = [*ydx = [*exdx
2 2

= [ex]4 = e* — e2 (ANS)

Example — 2
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Find the area enclosedbyy =9 -x2,y=0,x=0and x = 2.

Ans.

Area = [*ydx = [*(9 — x?)dx
0 0

= [9x — ]2 = [ (9X2) - 2 - (0-0)]
3

30

= 18 -8 =_54-8 = 46 (Ans)
3 3 3

Area of a circle with centre at origin

As shown in figure-3, the circle with centre at origin is divided into four equal parts by the
co-ordinate axes

Fig-3

N
Q
w
N

vy

Hence area of the circle =4 X area OAB

Example — 3
Find the area of the circle x2 + y2 = a2 (2015-S)
Ans.

Area of circle = 4 X area OAB (see fig-4)
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w:

Fig-4

Now equation of circle is x2 + y2 = a2

=y =+vVaz—x2 (for portion OAB)

(Actually y = +Vaz — x2) , but in 1% quadrant y is +ve)

$y=\/a2_x2

Now the portion OAB is bounded by y — axisi.e.x =0,
X axisand y = Vaz — x2
In the given region x varies from 0 to a ; as it is clear from figure the point A is (a,0)
(A = (a,0) because x2 + y2 = a2 has radius a)
Now Area of OAB = [y dx
= L“m dx
= [xar—=2 +a sin-1"]a
2 2 a0

a
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2 2
=[evar=a + L sin 1% — (0+ “sin-10)]
2 2 a 2
2 2

2
=0+2sin11-0+0 =

a ma?
2 2

a.1=1
2 2 4
Hence area of circle is = 4 X area of OAB

=4 X1ma? = ma? sq units
4

Example — 2
Find the area bounded by the curve x2 + y2 = 9(2017-S)

Ans: - Area of the curve x2 + y2 = 9 i.e. circle = 4 X Area OAB { from fig-5}

Y

A(3,0)

vY

Fig-5

As x2 + y2 = 9 has radius 3

So, Ais at (3,0)
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Area of OAB is the area bounded by curve AB , Y axis and X axis.
Now Curve ABis x2+y2 =9 =y =19 — x2
(as in 1 quadrant y is +ve)
In the region OAB x varies from 0 to 3.

Now area of OAB = [y dx = [*vVe==xz dx
0 0

=[x vV9—=2 + _()sin—lf]3
2 O

2 3
= [_3\f9?9 + Esin—l(x_)] - [0+2 sin—10]
2 2 3 2
=0+2sin-11-0
2
=Ixr="
2 2 4
= Area bounded by the curve x2 + y2 = 9 is = 4 X Area of OAB

=4X 9771 = 97 sq units (Ans)

Exercise

Q.1 Find the area bounded by the curve xy = ¢2,y =0, x =2 and x = 3. ( 2 marks)
Q.2 Find the area bounded by the curve x2 + y2 = 4. (2015-S) (10 marks)

Q.3 Find the area of the circle x2 + y2 = 16. (10 marks)

Ans . (1)c? logi
2

(2) 4m sq units

(3) 16 7 sq units
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Differential Equation
Introduction

After the discovery of calculus, Newton and Leibnitz studied differential equation in connection
with problem of Physics especially in theory of bending beams, oscillation of mechanical system
etc. The study of differential equation is a wide field in pure and applied mathematics, physics
and engineering.

Objectives

1. Define differential equation.

2. Determine order and degree of differential equation.

3. Form differential equation from a given solution.

4. Solve differential equation by using different techniques.

Definition of Differential Equation

A differential equation is an equation involving dependent variables, independent variables
and derivatives of dependent variables with respect to one or more independent variables.

Here x is an independent variable, y is dependent variable and dvis the derivative of the

dx
dependent variable w.r.t. the independent variable.

Examples: - i) vy xy = x?
dx

N 43 d?
i) “Y+ x4+ 4y 44y =sinx

dx3 dx? dx

oy d .
iii) 2+ sinx = cosx.
dx

Differential equations are of two types as follows: -

Ordinary Differential Equation

An ordinary differential equation is an equation involving one dependent variables, one
independent variable and derivatives of dependent variablewith respect to independent variable.

2
Mathematically F (x,y,d_y,d_y,. ) =0

dx dx?

. d
Examples :- i) 2 +y = x2
dx

3 2
i) Y+t 4 gy 4+y = sinx

dx3 dx? ;

Lo dy
iii) =+ ytanx = secx
dx
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Partial Differential Equation

A partial differential equation is an equation involving dependent variables, independent
variables and partial derivatives of dependent variable with respect to independent variables.

Examples:- 6z + 6z = xy
6x 6y

6%u 6%u 6%u _
6x2  6v2 622 0
6x 6y 6z

In this chapter we only discuss about the Ordinary differential equation.

Order and Degree of Differential equation

Order

The order of the differential equation is the highest order of the derivatives occurring in it i.e.
order of a differential equation is 'n’ if the order of the highest order derivative term present in
the equation is n.

Examplel: - s y = 2x

dx

The highest order derivative term in the equation is d , Which has order 1.
dx

~.order of the differential equation is 1.

d4 3
Example-2:-“7 +d” 4+ 4y 44y=x

dx*  dx3 dx

4
The highest order derivative term is d_y, having order 4.
dx*

Hence the above differential equation has order 4.
Degree

A differential equation is said to be of degree 'n’, if the power i.e. highest exponent of the
highest order derivative in the equation is ‘n’ after the equation has been freed from fractions
and radicals as far as derivatives are concerned.

Before finding degree of a differential equation, first we have to eliminate those derivative
terms present in fraction form i.e. in the denominator and derivatives with radicals i.e

\/Q_”‘, ifg 4\/% terms.

dx
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Example:- Find the order and degree of following ordinary differential equations.

2
d%y dy 4 dty 3 d3y dy 4

D @z T3@ 4 ) 53 *eosx =0

i) S=V1+ (D2 (2017-w)

dy 23 d%y
iv) [1+ (—) P=m— (2016-S)

dy —
\/1+( ) 3/dzy

dy
V241 = dx’ _
+-L = — =V
V) (dx) 7 2 Vi) d v —
X X

2
Ans: -i) 47 =3 gy 44x

dx? dx

2
Here d_yzis the highest order derivative term.
dx

Hence order of the differential equation is 2.

Again equation does not contain any derivative term in fractional form or with radical.

2
Power of the highest order derivative term d_i is 1.
dx

Hence degree of differential equation is 1.

i) dtysz ¥ dy 4

@) + <+ 3(;) + cosx =0

4.
From above it is clear that t%is the highest order derivative term with power 3.
dx

Hence order =4 and degree = 3

i) g2y=vV—— o3
o= 1t

dx

{As the above equation contain square root, so first we have to remove square root .}

Squaring both sides we have, (_) =1+ (d_i)z
dx? d

Now dz_yzis the highest order term with power 2.
dx

~order =2 and degree = 2.
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V) 1+ (@)} = m L2

dx?

As power of the left hand side derivative term is% , so we have to eliminate the fractional

power.
Now squaring both sides we have,
2, 2
[1+ @°P= (L)
dx dx?

2
The power of highest order derivative term d_’zlis 2.
dx

Hence order = 2 and degree = 2.

Uy

v &'+ =2
dx

13

As %v_is present in the denominator of 2" term in L.H.S. , so we have to remove it first.
X

Multiplying both side by dﬂ we have,

dy~3 _~dy
(E) +1—25

Now the only derivative term gz has power 3.
X

Hence order = 1 and degree = 3.

e _yay
vi) —241*’—32 —\/dxz

The equation contain both fractional form as well as radicals, so we have to remove it.

1% muItipIyingdz_yzon both sides we have,
dx

dy 3 /d%y d%y
VI+ 2 = Vorgs

Now squaring both sides we have,

dy 2 d?y ? d?y ;

I+ @ = T
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Again taking cube of both sides we have

d2y dzy

A+ (D97 =2 ="

2
From above the highest order derivative term d_yzhas power 8.
dx

Hence order = 2 and degree = 8.

Linear and Non-linear Differential Equation

A differential equation is said to be linear if it satisfies following conditions.
i) Every dependent variable and its derivatives have power ‘1.

i) The equation has neither terms having multiplication of dependent variable with its
derivatives nor multiplication of two derivative terms.

Otherwise the equation is said to be non linear.

Examples:- i)d_y+ Xy = x2

dx
Py 4 dly _
||)_+x _+y— sinx
dx3 dx?
ceey 3 d?
i)Y+ y"Y = 4x
dx3 dx?
: dy~3 _ndy
|v)(dx +1—2dx
d3 dy d?
v+ P py=92
. - X

dx3 dx dx?

Among the above examples (i) and (ii) satisfy all the condition of linear equation. So the 1% two
equations represent linear equations.

The (iii) is non linear because of the term yiyzwhich is @ multiplication of dependent variable y
dx

2
and derivative term 4~ .
dx?

The example (iv) is not linear due to the 1% term which contain dcyiJNith power 3 violating the
X

1% condition of linearity.

The example (v) is not linear due to 2™ term which does satisfy the 2™ linearity property.
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Solutionof a differential equation:-

The relationship between the variables of a differential equation satisfying the differential
equation is called a Solution of the differential equatlon i.e }/ = f(x) or F(x,y)=0 represent a
Solution of the ordinary differential equation F (x,y, ,d_l , 1Y) =0 of order n if it satisfy it.

dx dx? dxn
There are two types of Solutions i) General Solution i) particular Solution

General Solution

The Solution of a differential equation containing as many arbitrary constants as the order of the

differential equation is called as the general Solution. ,

d%y
Example- y= Acosx+ B sinx is a general Solution of differential equation —- 2ty = 0
Particular Solution

The Solution obtained by giving particular values to the arbitrary constants in the general
solution is called particular solution

2
Example: - y= 3 cosx+ 2 sinx is a particular Solution of differential equation %+y = 0.
dx

Differential equation of first order and first degree

A differential equation of 1% order and 1% degree involves x,y and ..
dx

Mathematically it is written as “_= fixy) or F(x,y,) =0
dx

dx

Solution of Differential equation of first order and first degree

The Solution of 1% order and 1% degree differential equation is obtained by following
methods if they are in some standard forms as i) Variable separable form ii) Linear differential
equation form.

Variable Separable form

If the differential equation is expressed in the form,

f(x)dy + g(y)dx = 0, then we say it variable separable form and this can be solved by
integrating the terms separately as follows.

Solution is given by [ & = — [
g \[€I)

=>log | g | +1log |f(x)| =loge
=>g)f(x) =c

Where g(y) and f(x) are functions of y and x respectively, is called a variable and separable
type equation.
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Examplel: - Solve Yo x2+2x+5
dx

Ans: - &v=x24+2x+5
dx

=>dy = (x2 + 2x + 5)dx
Integrating both sides we have,

=>[dy = [(x? + 2x + 5)dx

3

2 3
=>y=x +2x +5x+C=x* +x2+5x+c (Ans)
3 2 3
Example-2: - Solve & = _2y ,
dx  x?+1

Ans: - dy=_2%2
dx x2+1

=>d¥ =£
2y x%+1

=>fﬂ =f dx
2y x2+1

=>21 log,y = tan-1x + C

=>log,y = 2tan-1x + K { 2C = Kis a constant as C is constant}

Example-3: - Solve 4= = x cosx
dx

ANns: - & = x cosx

=>dy = xcosxdx
dx

Integrating both sides we have, =>{dy = [ xcosx dx
=>y = x[cosxdx— f{@ [ cosxdx}dx  {integrating by parts}
dx

=>y = X sinx — [ 1.sinxdx = x sinx +cosx + C (Ans)

Example-4: - Solve 4= VT =77
X

Ans:-%y_= VT= V?
X

d
=> [ \/1iy2 = [ dx { Integrating both sides}

=> sin~ly = x + ¢ . (Ans)
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Example5: - Solve sec2x tany dx + secty tanx dy =0

Ans: -sec2x tany dx + sec2y tanxdy =0

=>sec?y tanx dy = - sec2x tany dx
2 2
—secty dy — Sec’x dx
tany tanx
_>f sec’y @ _ f sec’x d
- tany tanx

Letu=tany => du = sec?ydy and let v=tanx => dv = secx dx

=>fﬁ _ v
u v
=> Inu=-1lnv+InC => Inu + Inv =InC
=>Inuv=InC =>uv=C => tany tanx = C (Ans)
Example-6: - Solve x cos?y dx = y cos?x dy
Ans:-x cos?y dx = y cos?x dy

. wydy _ xdx
=> =
cos?y  cos?

x
=>ysec?y dy = xsec’x dx
Integrating both sides,
=>[ysectydy = [ xsec’x dx

=>y [ sec?y dy — f{d_@).fseczy dy}dy = [ xsec’x dx — f{@. [ sec2x dx}dx
dy dx

=>ytany - [ 1.tany dy = x tanx - [ 1.tanx dx

=> y tany - log Isecyl = xtanx - log IsecxI+ C

=> y tany - log Isecyl -x tanx+ log IsecxI = C (Ans)
Example-7: - Solve (1 +y2)dx+ (1+x2)dy =0 (2015-S)
Ans ;- (1+y)dx+ (1 +x2)dy=0

=>A+x)dy=- (1+y2dx

d
=>_dy_ - _a =>f 9 - _ f x
1+y2 1+x2 1+y2 1+x2

=>tan-ly = —tan-lx + tan-'C { as tan-1C can be taken as a constant}
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=>tan-ly + tan-x = tan-1C

1yt
=> tan 1275 _ tan-1C

1—yx
=>1{—;’; = C (Ans)
Example-8:- Solve %lL= sin(x+y)
X

Ans ;- @& =sin(x+y) {Letx+y =z differentiating w.r.t. x, 1+ &» = dz }
dx dx dx

=>dz-]1 =sinz
dx

=> dz=1+sinz
dx

dz
=> —=
1+ sinz dx

Integrating both sides we have,

_>f1+sinz - fdx
_ (1—sinz)dz _
_>f(1—sinz)(1+ sinz) - fdx
_ «(—sinz)dz _
_>J 1—sin?z - fdx
_ - (Q=sinz)dz
- >J COSZZ = f dx
=>[(seczz— "' Ydz = [dx
COSzZ cosz
=>[(sec?z — tanz secz )dz = [dx

=>tanz-secz=x+C
=> tan(x+y) -sec (x+y)-x=C

Example-9: - Find the particular solution of & = cos2y, y =rzwhenx = 0.
dx 4

Ans: -dv. = coszy
dx

=> dy =dx =>sectydy =dx

cos<y

Integrating both sides we have,

=>[sectydy = dx
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=> tany = X + C------------ (1) (general Solution)

Now putting x=o0 and y =f in equation (1) we have,

=>tan§=0+C =>C=1 (2)

From (1) and (2) we have,
tany = x+1 (Ans)
Example-10:- Find the particular solution of (1+x)y dx + (1-y)xdy = 0, Given y=2 at x=1.
Ans:-(14+x)ydx + (1-y)xdy =0
=> (1-y)xdy =- (1+x)y dx
=> %y dy = — @ dx

=>(-1Ddy=—-(C+ 1)dx
y x

=> 1 1
JG=Ddy ==+ 1)dx

=> logy -y = - (logx + x) + C (general solution) ------------ (1)
Putting x=1 and y =2 in Equation(1) we have,
=>log2-2 =-(logl +1) +C
=>10g2-2=-(0+1)+C=-1+C
=>C=log2-1_ (2)
From (1) and (2) we have,
logy -y =-logx - x +log2 -1
=>logy -y + logx + x=1og2-1  (Ans)

Linear Differential Equation

A differential equation is said to be linear, if the dependent variable and its
derivative occurring in the equation are of first degree only and are not multiplied together.

Example: -i)5£+ y = sinx
X

ii)dy + ytanx = secx etc.
dx
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General form of linear differential equation

The general form of linear differential equation is given by,

d
2+ Py = Oislineariny and &.
dx dx

Where P and Q are the functions of x only or constants.

This type of differential equation are solved when they are multiplied by a factor, which is called
integrating factor (I.F.).

|LF. = e/ Pdx

Then the solution is given by y (L.F) = [ Q. (I.F.)dx + C.

If equation is given in the form

d d
_X+ Px = O, where P and Q are functions of y only or constants and is linear in x and _X,
dy dy
then

ILF. = elPdy

Then the solution is given by x (I.F) = [ Q.(I.F.)dy + C .
This can be better understood by following examples.

Example-11: - Solve (1 + x?) o 2xy = x3( 2014-S, 2016-S, 2017-W ).
dx
. dy
Ans: -(1 + x2) Z+ 2xy = x8
dx

d 2y x3

=> = —
dx 14+x2)  1+4x2

By comparing with the general form of linear differential equationgdz + Py = 0.
X
HereP=_2x & Q= x’

(1+x2) 1+x2

- 2x

&
Now integrating factor I.F. = e/Pdx = eJ(”xZ) (putting1+x2 =t =>2xdx =dt)

dt
=elt=ent=t=1+x2
Solution is given by

%3
1+x2

yxILF.= [Q(UF)dx +C = [ (1+x2)dx +C x3dx + ¢
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4
2 yl+x2)=x+c
4

4
= x 4

4(14x2)  1+x2

Example-12: - Solvegz+ y=e>
X

Ans: - By comparing the given equation with general form of linear differential equation we
have, P=1andQ =e~>

LF. = ef Pdx = gf Ldx = ox
Solution is y. (I.F.) = [ Q.(I.F.)dx + C
= [e*exdx + ¢
=>yex =[l.dx+c=x+c
=>Yy =xe*+ce>

Example-13: - Solve (1 — x2) ® — xy = 1(2017-S)
dx

Ans:- (1 —x?) v _ xy=1
dx

1

=>QX_ x y:
dx 1—x2 1—x2

Comparing with general form we have,

p=—*_ andQ=_1

1—x2 1—x2
X

—*g
Now LF. = e/ P& =¢ d -2 (Putl—x2=t=> —2xdx =dt =>—xdx = %)

dt 1
= efz = eflnt = eln\/t = \/t_

=V1i—2x2
Solutionis y.(I.F) = [Q.(I.F.)dx +C

=>yWI-2 = | L NT=x%dx +C={

1—x2 1—x

dx

+c

2
=sin-lx 4+ ¢

Hence solution of the differential equation is given by

1

sin”*x + c ( Ans)
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Example-14 ; - Solve 4x+ y cotx = cosx.
dx

Ans:- By comparing the given equation with general form,
P=rcotx andQ = cosx

LF. = efPdx = pfcotxdx = plnsinx = giny

solution is given by y.(I.F.) = [Q.(I.F.)dx +C

=>y.sinx = [ cosx sinx dx + ¢ ( put sinx = t => cosxdx = dt)

2 .Zx
= tdt+c=t +c=sn" +¢

Hencey = "™+ ¢ : : 2
Y= (Ans)
2 sinx
Example-15 ; - Solve %}’_+ y secx = tanx. (2017-W).
X

Ans: - Comparing the given equation with general from of linear equation.
P =secxand Q = tanx
LF. = ef Pdx = of secxdx
= eln(secx+tanx)
= secx + tanx
The solution is given by, y.I.F.= [Q.(I.F.)dx +C
= y(secx +tanx) = [ tanx.(secx + tanx)dx + C

[ (secxtanx + tan?x)dx + C

[(secxtanx + sec?x — 1)dx +C

=secx t+tanx —x+ ¢

x c

Hence y=1—

(Ans)

secx+tanx secx+tanx

Examplel6: - Solve (x +y + 1) w1,
dx

Ans:- (x+y+ 1)d_y= 1
dx

=> (x+y+1)dy=dx

=> x+y+1) =%
dy
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=>d=(x+y+1)
dy

=>dr—x=y+1
dy

Now comparing with the general form By px= Q , we have,
dy

P=-1&Q=y+1

Now L.F. = ef Pdy = e ~1dy = e,

The solution is given by
x(I.F.)=[Q.(ILF.)dy + ¢

= xev=[(y+1.ev+c
= (y+1)fe‘ydy—f(fe—ydy)-i—y(y+ D/dy +c

=@+ 1)(-er)—[—erldy+c
=—ev(y+ 1)+ (e +c
=—eYy+1+1)+c=—-ey(y+2)+c

Hence xX= —y—2+cey (Ans)
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Exercise

Question with short answers (2 marks )

1. Find the order and degree of the differential equations.
d?*y dy 3 3/
) aS=[1+() ] 2 (2016-S)

iy ¢ 2 (o019-W)
3

dxg T Ndx

i) ¢” = V—/a5 (2015-5,2017-W)
w YT

. 2 1

iv)d”? = (2014-S)

dx? 14
dx
V) 2 ng \/ dy 2
—4+3 1-(3) —y=0. (2017-9)

dx?
vi) (dy)z 3 dy
o Ty =
dx dx3

2) Solve the following

D) dr = ex+y (2019-W)
dx

. dy Zy

IN)—= =

)dx x2+1

i) v = tany
dx

iv) cos2x dy = cos?ydx

V) ydx = xdy

Questions with long answers (5 marks)
3) Solve the following

) (1 +x2) @+ 2xy — 4x2 = 0 (2019-W)
dx
i) §z+ ytanx = secx (2015-S)
X

i) x(1 + y)dx — y(1 + x2)dy = 0 (2015-S)

V) —y =ex
dx
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V) (22 — 1)@ + 2xy = 1.(2016-S)
dx

Y= Y1y° (2014-S
vi) 2= = ( )
vii) gx+ ycotx = 4xcosecx (2017-S)

X
Vi) (x + 2y9) 2 = y.
dx

ix) (ev + 1)cosxdx + evsinxdy = 0.

X) sinx siny dy = cosx cosy dx

o d +
xi) 2 =22
dx xy+x

Questions with long answers (10 marks)
4) Solve the following.

i) eVT=yZdx +”dy = 0 (2014-S)
X
i) cos2x Y4 y = tanx . (2017-S)
dx

iii) cos(x + y) dy = dx.

Answers
1)i)2,2 ii)2,3 iii) 3,2 iv) 2,2 v) 2,2 vi) 3,1
2) i) —ey = ex +cii) Iny = 2tan-x + ¢ i) log(siny) =x+c¢

iv) tany-tanx = ¢ V)r=c¢

X

3) i)yl +x2) = ﬁ+ c i) ysecx = tanx + ¢ iii) i= c
3 1+x2
iv) y = xex + cex V)y(x2—-1)=x+c Vi) sint(yvV1 — 22 — zV1 — y2) = ¢
vii)ysinx = 2x2 + ¢ viii) x =y3+cy ix) sinx(ev + 1) = ¢
X) secy cosecx = ¢ Xi) cx = yey—*

4) ) V1—y2 =ex(x— 1)+ cii) yetax = etanx(tanx — 1) + ¢

i) y = tan (M) +c
2
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Multiple Choice Questions

Q.1 The value of a for which the vectorsa = 31 + 2j + 9kand B =1+ a j+ 3kare
perpendicular is

a) 10 b) -10 c) 15 d)-15
Q2. Ifthe vectors @ = a  + 3j - 6kand b = { - j + Zkare parallel then the value of « is
a) -3 b) 3 )4 d) 4

Q3. A unit vector in the direction (a+ b) where a = i +2j-kand b = = { - 2j + 3'kis equal to

A

ali +1%k by L+ 1tk c)2i+ 1tk d) None of these
2 2 V2 V2 V3 V3

Q4. If points A and B have the following co-ordinates A(3,0,2) , B(-2,1,4) , then the vector AB is
a)5i +j + 2k b) -5i -2j + Zk c)-5i +j + Zk d)-5i -j-Zk

Q5. A unit vector parallel to the sum of the vectors 31 - 2j +kand -2i + j - 3kis

~

k by1i+1f -1% c¢1i-2k d)Li+1j
V6 V6 V6 V6 6 V6 V6

B
B
Bl

Q6. The scalar projection of & = (- 2j +& on b= (41-4f + 7his
At  bnE¥ of 9

Q7. The unit vector along i+ j + kis

a) 1HIFk b) % ) itk d) None of these

V3 V5
Q8. Thevalueof (1+2j-% .(i+ j + Zhis
a) -1 b) 1 Q)2 d) -2

Q9. Two forces act on a particle at a point. If they are (4i + j - 3§ and (3i + j - , then their
resultant is

a)7i + 2j - 4k b) 71 - 2 - 4k c)-7i + 2 - 4k d)-71 - 2f - 4k
Q10. The magnitude of 5i + 3j - Zkis

a)yV3s b) V37 )38 d) V40
x|

Q11. The value of lim,_,g+ = is

a)-1 b) 1 )0 d) None of these
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Q12.

Q13.

Q14.

Q15.

Q16.

Q17.

Q18.

Q19.

Q20.

Q21.

2x

The value of lim,._,. = 1S

a)-1 b) 1 oF ) -2

x2—b?

pry IS

The value of lim,._,,
a) b b) %b c)2b d)-b
3-8 .
limx—>2_2|s equal to
a) 4 b) 3 c) 12 d)6

. Vvx—1.
The value of lim,,; >~ is

a) 0 b) -1 01 d) does not exists

The value of lim s [x] is
x—y

a) 2 b) 3 c) 2.5 d) None of these
The value of limg_,o% is

a) s b)g o)1 d)o
If f(x) = L 16 , X G 4 is continuous at x = 4, then the value of f(4) is

x—4
a) 8 b) 4 c) 10 d) 16

The value of k for which f(x) = Sinz#, X GO, f(0) = 1is continuous atx = 0 is

a) +2 b) + 5 )0 d) +1
The value of lim,_,; %
1 3
a) 3 b)E c)2 d)1

5
The slope of the curve Y = §x2 atx=2

5
)5 nF 9; 9%
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Q22.

Q23.

Q24.

Q25.

Q26.

Q27.

Q28.

Q29.

Q30.

Q31.

Q32.

— -
If y = V=% | then @ is
1+4cos2x dx

a)tanx b)cotx  c)sec?x d) - cosec?x

The derivative of x w.r.t tan x is
a)seczx b) coszx c) —tan?x d) —cot2x
If x=4t,y=t2, then ~ is

dx

a2l i o2 o
x 2 t 2

Ify:\/I —cost,thend_yis
dx

a)2sin2x b)+v2cosx c)-v2sinx  d)None of these
If y =1 + sin2x, then Z—yis
X
a)cosx b)sinx ¢)0 d) None of these

The derivative of sin x© is
a)cos x0 b) 7118—0 cos x0 ) m sec x0 d) None of these

If y =log (tan x) , then Yis
dx

_1 1 2 2
a C
)sin 2 b) cos 2 ) sin 2 ) cos 2

. dy .
If y =sin-1x + cos—1 x, then Yis

dx
a)l b)-1 ¢0 d)2

Ifx24+y2 = a2, then 2 is
dx

a)2x b0 ol d-=
y y

If y =1log, x then y, is
1
a)” b) —— ) X d) —x2
%y
4~ wheny = exsinux, is

dx?

a)2excosx b)2exsinx c)ercosx d)ersinx
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Q33. If y=In(sinx), then y; is

a)cotx b) tan x c) sec2x d) —cosec?x
Q34.Ify= esn X then (1-x2)y - xy is equal to

a) y b) -y ¢)0 d) None of these

Q35. Ify =tan-1x, then (1 + x2) y, +2xy; is

1
1+x2

a)_1
a2 b) 01 d)o
Q36. The function whose 2™ derivative is itself is
a) X b) log x c) ex d) non of these

Q37. If f(x,y) = ex», then y.E — x.%is
6y 6x

a) 2x exy b) 2yexv c)0 d) None of these
Q38. If z = tan-(*) then s
x 6x

x b y C) 1 d 1

x24y2 x24y2 x24y2 X2 4y2

Q39. If z = f(%) , then *“is
y 6y

a)—y_’;f(x/y) b);f(x/y) c))—yizﬂx/y) d) None of these

Q40. If z = x2y + xy?, then * s
6y

a)2xy + y2 b) x% + 2xy C) 2xy d) 4xy
Q41 . If z=sin (x/ ) then * s
y 6x

1 x x x X
a); cos( /y) b)—cos ( /y)  ©cos ( /y)  d))None of these

Q42. [ sin2 _dx is equal to
2
a)%[x -cosx]+c b) %[X -sinx] +c ¢) (x-sinx) + ¢ d) (x-cosx)+c

Q43. Evaluation of [v1 —sin2x dx is

a)(sinx+ cosx) + ¢ b) sinx-cosx+c ) -sinx + cos x + ¢ d) None of these
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Q44. [ rdxis
a)x+tan-lx+ ¢ b)tan-tx + ¢ c)2tan~lx+ ¢ d)x-tan-lx +c
Q45. [logexdx is

2
a)+ ¢ b) 2x2+ ¢ c)x2+ ¢ d)(x2+1) +c
2

n+1 . .
Q46. The value of 'n’ for which | x"dx = xnj"‘ ¢ Is not true is

an=1 byn=-1 cn=0 d) None of these

Q47. [sin®.cos™_dx is
2 2

1. 1.
a)jcosx + ¢ b)E sinx + ¢ c)—Jz-cosx+ c d) — osinx + ¢

Q48. The value of [ eGin ' ¥+cos™ ) gy js

T T

a)ez x + ¢ b) x +c c)ez+ ¢ d) None of these

Q49. The value of [|x|dx , when x < 0 is
x2 x2
a)7+c b)—=+c c)x2+c d)—x2+ ¢

Q50. [ 2x+2dx is

2% x 2%
a) 2. 2 +c c) 8.
) e b) 41— ) ot d) None of these
Q51. The value of [ sin2x d(sinx) is
sin3x sin®x cos?x cos3x

a) 3 +c b) —*tc C)T+C d) 2 +c
Q52. Evaluation of [2sinx dx is

a) -1 b) 1 )0 d)%
Q53. The value of flz x3 dx is

a) ¥ b) % O d) None of these

Q54. The value of f:lxldx is

Q) 7 b)2 Ok 42
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Q55. The value of [, [x]dx is

a) 1 b) 2 )3 d) 4
Q56. The value of fld_xis
0 1+x2
a) = b) 0 ) g d) None of these
4
Q57. The value of [*%is
0 vx
a) 6 b) 4 c)8 d) 10

Q58. The value of [ sinzx dx + [ cos? x dx - [ ' dx is
0 0 0

a) 0 b) -1 c)1 d) None of these
Q59. The area boundedbyy =x, x=0&x=1s

a) 1sq.Unit b)1sqg.Unit c)1sqg.Unit d) None of these
2 3

Q60. The area bounded by the curve xy = k2, the x-axisand x = 2, x =3 is
a) k2 logz_ sq. unit b) k2log?2 sq. Unit c) kzlog3 sq. Unit d) k2 logi sq. Unit
3 2

3

. . . dy _ a7y
Q61. The order and degree of the differential equation (;)4 +y5 T — IS

a) 3and 1 b) 3and 4 c)land 4 d)1and 3

Q62. The order and degree of the differential equation S dy 2 g
o =k[1+() ]
a) 2,2 b)2,1 c)1,2 d)1,1
Q63. The order and degree of the differential equation ﬁ =3+
dx? dx
a) 2,2 b)2,1 c)1,2 di,1
Q64. The degree of the differential equation & = 3 s
ax
dx
a) 3 b) 2 c)1 d) None of these

Q65. The solution of 2. =X is
dx y

2
a) x2+y2=c D+ y2=c Oy:—x2=c d)—-y2—xt=c
2
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Q66. The solution of V4 + @ = 2 s
dx

a) y=x+c b)y=c Oy+x=c d)x=c

Q67. The solution of 4v = sec2x is

dx

a) y=2secx+c b)y=cotx+c c)y=tanx+c d) y = cosecx +c

Q68. The integrating factor of the linear differential equation éix + (secx)y =tanxis

a) secx +tanx b) cosec x — cot x c) tan x + cot x d) None of these

Q69. The L.F of the linear differential equation iz+ 3.y=xis
X X

a) x? b) x3 c)x* d) x
Q70. The solution of the differential equation 4x + \hi= 0is
dy  Vi-y?

a) sin-l'x+sin-ly=c b) cos-1x —cos-ly =c¢

C)sinlx — sin-ly =¢ d) None of these
Answers: -
Q1. (d) Q2. (a) Q3. (b) Q4. (c) Q5. (a) Q6. (c)
Q7. (a) Q8. (b) Q9. (a) Q10. (c) Q11. (b) Q12.(c)

Q13. (c) Q14. (c) Q15. (d) Q16. (a) Q17. (b) Q18. (a)
Q19. (d) Q20. (a) Q21.(b) Q22. (¢) Q23. (b) Q24. (b)

Q25.(b)  Q26.(d) Q27. (b) Q28. (c) Q29. (c) Q30. (d)
Q31.(b)  Q32.(a) Q33. (d) Q34.(@)  Q35.(d) Q36.(c)
Q37.c)  Q38.(b) Q39. (a) Q40.(b) Q4l.(a)  Q42.(b)
Q43.(a)  Q44.(d) Q45. (a) Q46. (b) Q47.c)  Q48.@a)
Q49.(b)  Q50.(b) Q51.(a) Q52.(b) Q53.(b)  Q54.(a)
Q55.(c)  Q56. (a) Q57.(b) Q58.(a) Q59.(b) Q60.(d)
Q61.(a)  Q62.(b) Q63.(a) Q64.(b) Q65.(c) Q66.(b)

Q67.(c)  Q68.(a) Q69.(b) Q70.(a)
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